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Note on ~-Wave Anomalies in Proton-Proton Scattering 


G. Breit, C. Kitret anp H. M. THaxton* 
University of Wisconsin, Madison, Wisconsin 
(Received December 12, 1939) 


The p-wave effects on Bethe’s neutral form of meson theory are calculated for proton 
energies of 2.0 Mev, 2.4 Mev and 3.0 Mev. The range of nuclear force corresponding to a meson 
mass of 180 electron masses gives effects of the order of a few percent of the total scattering. 
These effects do not vanish at the scattering angle of 45°. If present, they call for a slight 
increase in the range of force derived from s scattering. The comparison of the theoretical and 
experimental angular distributions indicates, however, that p-wave effects predicted by the 
above meson theory with a mass of i180 m are too large since they give too much small angle 


scattering. 





N the analysis of proton-proton scattering 

data'-* it has been assumed that the p-wave 
anomaly can be represented sufficiently well on 
the assumption of a central field. In the present 
note the noncentral forces characteristic of the 
meson theory are used and it is found that the 
effects on the angular distribution are not so 
clearly and unambiguously separable from the 
s-wave anomaly as on the hypothesis of central 
fields. In particular, at a scattering angle of 45° 
there is an effect of the p wave so that observa- 
tions at this angle cannot be taken as a measure 





y°=[(1+--- ] exp [tkz+7n In k(r—z) ]— 


k(r 


of the s-wave anomaly as before. Up to 2400 
kev, however, the effects on the s-wave phase 
shift, which is derived from experiment, are small 
and do not affect the main conclusions arrived 
at on the central field theory. 

The phase shifts for *Po, *P,, *P2 are in general 
different from each other, and the *P: state 
interacts with *F;. The latter interaction will be 
neglected, being presumably of little importance 
at the lower energies. In the notation of BCP a 
plane wave modified by the Coulomb field has 
the asymptotic form 





exp [tkr—in In k(r—2z)+2io9]+--- 


valid at large distances. The normalization is such as to give unit density for the incident wave. 
The second term in the above expression represents the scattered wave. For fields which are Coulom- 


* Now at the Agricultural and Technical College of North Carolina. 

1G. Breit, E. U. Condon and R. D. Present, Phys. Rev. 50, 825 (1936). This is referred to as BCP. 

*G. Breit, H. M. Thaxton and L. Eisenbud, Phys. Rev. 55, 1018 (1939). Referred to as BTE. The notation in the 
present note is the same as in BTE and BCP. 

*E. Creutz, Phys. Rev. 56, 893 (1939). 
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bian at a large distance but are central and non-Coulombian at small distances one has for the 
scattered part 


(p))ec= Do (2L+1)Px sin Kz exp [ip—in In 2p+2ie1+iK 1] 


— (n/2s*) exp [ip—in In 2p—in In 8S? + 2iag]. 


Here the Kz are the usual phase shifts in a central field. The last formula can be generalized so as 
to apply to the collision of two particles with spin. Nonidentical particles will be considered first, 
and the wave function representing relative motion in the system of the center of mass will be dealt 
with. The wave function will then be antisymmetrized so as to apply to the collision of two protons, 
The collision may be considered as consisting statistically of a mixture of four relative = orienta- 
tions described by the four two-particle spin functions‘ 

So, Si, So, S-1. 


. 


The first of these corresponds to a total spin =0, and is antisymmetric; the last three describe states 
with total spin 1, spin projections 1, 0, —1, and are symmetric. After the wave function is anti- 
symmetrized the s anomaly contains only 8» and the » anomaly contains only linear combinations 
of S;, So, S_:. The parts of the s anomaly containing S;, So, S_: will be omitted, therefore, and 
similarly the part of the p anomaly in Sy will be dropped. Neglecting all but s- and p-wave phase 
shifts one obtains [for notation see reference 1 ], 


(pWSo) ee =[e*** sin Ko—(n/2s?) exp [—in In s?] ]So exp [ip —in In 2p + 2ioo], 


(pW°S1) ec= { (127) *[2-4(8 Pe) 16%? sin 52-4+2-4(*P) :€* sin 5; Je2*or-oo) 
— (n/2s*) exp [—in In s?]S,} exp [ip —in In 29+ 2ia,], 


(o¥So) ac = { (127) 4 ($)*(*P2) oe sin | §2—3-4(*Po) oe sin do Je?*(e1—-#0) 
— (n/2s*) exp [—in In s*? So} exp [ip —in In 29+ 2ia,], 


(pW*S_1) ec= {(129)#[2-#(*P2)_1e*? sin 52 —2-1(8P;)_1e sin 5, Je2*o1-70) 
— (n/2s*) exp [—in In s?]S_,} exp [tp —in In 2p+ 2iay)]. 


The phase shifts of *Po, *P:, *P: are here denoted by 4o, 51, 5g and the phase shift of 'So is written 
as Ko. The functions (*P;)m are linear combinations of angular Y,™ and spin functions corresponding 
to angular momentum j and magnetic quantum number m. They are normalized to unity for in- 
tegrations over angles and summation over spin coordinates. The signs of the linear combinations 
are such as to correspond to standard forms® of angular momentum matrices. The orbital function 


3 4 
— (--) cos 6; (*P2)2= Yi'S1; (#Py)1= 2-4 ¥°Si— Vi'So) ; (#Po)o=3-*( VS — ViPSo+ Yi'S-1), 
Tv 


and the remaining functions are determined by the above conventicns. To obtain the expressions 
(pW°So) xcs (pW°Si)ec, etc. the waves (oWSo), (p¥*S:), etc., are first expressed as linear combinations 
of So, (?P;)m. The radial factors are then modified so as to correspond to the phase shifts Ko, 50, 41, 43; 
and so as to have the modified wave asymptotically of the form of incident+scattered wave. These 
conditions determine the wave function. The asymptotic form of the difference between the wave 
function and (pySo), (ow*S1), etc. is (p¥So) ec, (oW%S1) ee, etc. Antisymmetrizing the wave function in 


‘The problem is similar to that in C. Kittel and G. Breit, Phys. Rev. 56, 744 (1939). For proton-proton scattering the 
'P state drops out and there is interference with the Coulomb wave. 
5 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra (Cambridge University Press, 1935). 
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the two protons and taking the mean of the scattered intensity of the four cases So, Si, So, S_1 one 


obtains 








18 cosa, cosBi\ . 108 18 sina, sin Bp; 
m(ae).= Ze -—P;( - ) sin &; cos it | — P+ — Pil ie che aint | 
i n 


s? c? 
12 


n 


+—| — Sin 6,;—sin “a 5o—sin 52)?—3 sin 6; sin 5, sin? 


n n s” c? 


6:— 52 





4 ; bo — be 
- sin 59 sin 52 sin? 





|c cos*@—1). (1) 


Here (A®); is the change in the ratio to Mott’s scattering due to the phase shifts do, 5;, 52, while 


MM =s-*+c-*—s~*c~ cos (n In s*e~), 


which is proportional to the scattering expected 
on Mott’s theory. The statistical weights g; are 
go=1/9, gi=1/3, g2=5/9. The sum containing 
the gi in Eq. (1) represents the interference of 
the p-wave anomaly with the Coulomb wave 
together with a part in P; which is part of the 
direct scattering due to p waves. For 69 =5,;=452 
this sum represents the whole effect, and is in 
agreement then with the formula for a central 
field. The part of (AR), with the angular 
dependence 3 cos? @—1 is absent on the central 
field theory and complicates the analysis of 
experimental data if it is appreciable. 

Using the form of neutral meson theory pro- 
posed by Bethe,* the effects of (AR); have been 
estimated. Numerical calculations made for the 
case of a “cut-off” in which the specific nuclear 
potential is zero inside the cut-off gave values 
of 9, 51, 5g as in Table I. The cut-off distance was 


TABLE I. Values of p-wave phase shift. 











E in Mev 50 b1 52 
2.0 —2.07° ..20° —0.61° 
2.4 — 2.66° 1.53° —0.79° 
3.0 —3.57° 2.10° —1.06° 














TABLE II. Contribution to the ratio of scattering to Mott's 
value due to p scattering. 








E1n Mev | @=15° 20° 25° 30° 35° 40° 45° 





2.0 | 0.032 | 0.058 | 0.091 | 0.132 | 0.175 | 0.217 | 0.234 
2.4 | 0.050 | 0.094 | 0.156 | 0.232 | 0.326 | 0.416 | 0.455 
3.0 | 0.080 | 0.161 | 0.286 | 0.466 | 0.701 | 0.941 | 1.051 























such that the exponential factor at the cut-off 
radius had the value 


e 0-82 


This corresponds to a cut-off radius of 
0.32 h/uc=0.70X10-" cm with »~180 m. Sub- 
stitution into Eq. (1) gives values of (A®),; as 
in Table II. Using values for ® computed for a 


TABLE III. Percentage change in scattering due to 
p-wave anomaly. 








E1n Mev | @=15% 20° 25° 30° 35° 40° 45° 














2.0 | 3.4%) 3.1% | 2.0% | 1.4% | 1.0% |0.81%)0.74% 
24 |46 |3.8 /|2.5 1.8 1.3 |1.13 {1.06 
3.0 60 (46 {3.3 |2.5 |2.1 [1.82 [1.74 




















TABLE IV. Comparison of observed and computed scattering. 
Percentage of observed minus computed scattering. 








E w Mev 6= 15° | 20° | 25° | 30° | 35° |. 40° | 45° 


2302 |Pures | 4.2%|-05%| 04%| 04%|—04%| 0.7%|—0.7% 
Meson p| 0.5%|—2.9%|-1.0%|-0.1%|—-0.3%| 0.9% 


2.105 Pure s 3.3%) 1.7%) 03%|—0.6%| 2.0%|—2.3% 44 
Meson p| 0.2% |—0.3%| —0.5%|—0.9%| 2.1%|—2.0%| 0.9% 
0 
1 


1.830 Pure s 2.3%| 02%) 0.6%) 0.4%|—1.0%|—0.2% 
Meson p|—0.2%| —1.7%|—0.2%| 0.2%|—0.9%| 0.2% 



































square potential well with radius e*/mc? and 
depth 10.5 Mev as an approximation to the 
experimental data one obtains values of 100 
percent (A®),:/R as in Table III. 

The evaluation of the s-wave phase shift Ko 
from experimental data made by BTE from the 
observations’ of Herb, Kerst, Parkinson and 
Plain consisted in determining the mean Ko from 





*H. A. Bethe, Phys. Rev. 55, 1261 (1939). 


7™R. G. Herb, D. W. Kerst, D. B. Parkinson and G. J. 
Plain, Phys. Rev. 55, 998 (1939). 
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@=30°, 35°, 40°, 45°. At 2.4 Mev the s-wave 
scattering is too high at these angles by the 
average amount of 1.3 percent. According to 
Table VI of BTE the’ value of Ko is too high by 
1.3X0.26°=0.3(4)°. According to Table XIX of 
BTE a decrease of Ky at 2.6 Mev by 0.4° without 
changing Ko at 0.8 Mev gives a decrease in the 
constant a of the potential Ae~*” by 1.8 nuclear 
units. The above effects correspond, therefore, 
to a decrease of a from 21.6 to about 20. By 
itself this effect is not serious since the previously 
adopted value was a=16. If, however, the ob- 
servations or their interpretation contain another 
error of about the same amount and in the same 
direction the range of force arrived at by BTE 
would be definitely too small. The data of Herb, 
Kerst, Parkinson, and Plain will now be ex- 
amined for the presence of the p wave. It will be 
seen that the calculated p anomaly is too large. 

Assuming the above p-wave effects one obtains 
a change in the comparison of observed and 
expected angular distribution as in Table IV. 
In the table there is listed the difference between 
the observed and computed scattering expressed 
as a percentage of the observed scattering. The 
first line for each energy is taken from Table XI 
of BTE in which the details of the treatment of 
the data of Herb, Kerst, Parkinson and Plain are 
explained. The second line for each energy has 
been obtained by subtracting from the observed 
ratio to Mott’s value the contribution to that 
ratio corresponding to Table II, attributing the 
result to s scattering, computing the average Ko 
for @=30°, 35°, 40°, 45° and then computing 
the expected ratio to Mott using this Ko. These 
p-wave corrections are more accurate for 2.39 
Mev. For 2.10 Mev the corrections were inter- 
polated, and for 1.83 Mev they were extrapolated 
graphically. 

The apparent agreement between theory and 
experiment is improved at 0=15° as a result of 
making the p-wave correction. For @=20°, 
however, the p-wave correction spoils the agree- 
ment, giving too high values for the theoretically 
expected scattering. The apparent improvement 
for @=15° is probably accidental because the 
geometrical corrections have not been applied 
to the experimental values in the calculations for 
the above Table IV.* These corrections cannot 


8 These corrections are discussed on pp. 1036-41 of BTE. 


AND THAXTON 


be made with certainty on account of the un- 
certain structure of the incident proton beam. 
The probable value of the error introduced by 
imperfect geometry is +2.(5) percent at O = 15° 
while for @=20° the error is probably ~+0.2 
percent at 2.4 Mev and perhaps +0.6 percent 
at 1.83 Mev. Applying these corrections to the 
experimental values the numbers in the column 
@=15° for “Meson p” in Table IV become 
consistently negative. The application of the 
probable geometrical corrections gives therefore 
approximately the same amount of disagreement 
between theory and experiment at O=15° and 
©=20°. The meson theory in the above form 
predicts in both cases ~2 percent more scattering 
than is observed. 

The above interpretation is also indicated by 
the data at 860 kev and 1200 kev. For these 
energies the expected scattering at QO=15° js 
insensitive to the s-wave phase shift Ko while the 
effect of p-wave scattering is considerably smaller 
than at higher energies. The experimental values 
(without geometrical corrections) are too high 
by 4 percent as compared with s-wave calcula- 
tions in both cases indicating, therefore, that the 
geometrical correction should be made at 0 = 15°, 
In more detail this situation is as follows. The 
phase shifts 6 for 860 kev can be estimated from 
the approximate rule of proportionality to E. 
This estimate gives 


59 = —0.60°; 5: = +0.36°; 52= —0.18°. (860 kev). 


The contribution to ® due to these phase shifts 
is ~10~ at 0 =45° and is negligible in a total of 
4. The value of Ko determined in Table XI of 
BTE may be left unchanged, therefore, at this 
energy. The effect of 50, 5:1, 52 at O=15° is to 
contribute ~0.005 to the theoretical ® so that 
the theoretically expected ® becomes 0.723 
+0.005 =0.728 which should be compared with 
the experimental 0.752. The theoretical value is 
thus 3 percent lower than the experimental. 
Since the p-wave phase shift does not remove 
the discrepancy between theory and experiment 
for @ = 15° at 860 kev and 1200 kev it is necessary 
to assume that the geometrical corrections are 
real and it is therefore very probable that the 
above calculations with the meson potential give 
too much small angle scattering. The dependence 
of the s-wave phase shift on energy also does not 
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agree with the meson potential corresponding to 
a meson mass of ~180 m. It indicates a smaller 
range and a larger meson mass of ~300 m. The 
p-wave phase shifts are roughly proportional to 
the cube of the range of force. Using the smaller 
range of force suggested by the s wave, the p- 
wave phase shifts are decreased by roughly a 
factor 4, and their effects become practically 
negligible. With such a view the interpretation 
of the experiments is self-consistent, but objec- 
tions could be raised to the use of the large meson 
mass. It is also impossible to exclude by means of 
the experimental material p-wave effects of the 
order of 3 of those dealt with in Table IV. The 
only definite conclusion is that the p-wave effects 
for »~ 180 m are too large and that the Ko, E 
curve is not affected by as large amounts as 
correspond to Table III. 


APPENDIX 
Approximate formulae and computational details 


The potentials used have been derived by 
Bethe on the neutral meson type of theory. 
They are 


V(*Po) = Ce-*(2x*¥+ 2x +x-"), 
V@P) = — Ce*(x*+2-), 
V@Ps) = 1Ce*(x* 2-22), 


with C=14.5 Mev, x=ryuc/h, ~=meson mass. 
The potentials V(*Po), V(*P1) correspond exactly 
to using Bethe’s form of the interaction energy 
while V(*P2) is obtained as a mean over spin 
coordinates. Using Taylor’s first-order approxi- 
mation one obtains for the phase shifts 


io=- (2CC2/E)a*.120o+40B,a 
+180B.a?+ 1008B3a'+ - --], 
§:=(2CC,2/E)a*[30,+8B,a . 
+30B2a?+ 144B3a*+ - - - J, 


b= — (2 CC?-SE)a*[1562.+56B 1a 
+270Bsa?+ 1584B,a?+ - --]. 
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Here 
69 = €- (1 +9 + 5x0?/12+x,?/12)=1, 
6, =e-(1+x9+%0?/3)=1, 
6,=e-70(1 +xot+ 7x9?/15+2x9'/15)=1 : 
p 
a=-=(ME/2)*/uc; p=Mo/h, 
x 


E=proton energy, M=proton mass, v= proton 
velocity, 

xo= value of x for the cut-off, 

F, = C,p*#,= regular Coulomb function. 


are defined by 
$°=1+B p+ Be'+-::-. 


The coefficients B,, Be, --- 


In the above formulae the coefficients of B,a, 
B,a* come out to be products of e~** and long 
polynomials in xo. For the small xo used here 
these products can be replaced by unity. The 
contributions to { F,;* Vdr due to the region inside 
the cut-off are small and are omitted in the 
above formulae. For order of magnitude esti- 
mates the terms in B,a may be omitted. 

The numerical work has been done by the 
method previously described.* Some of it was 
checked also by direct numerical integration of 
the differential equation. The sensitivity to the 
method of cut-off (“straight” or “zero’’) was 
tested by using integrations up to r= 4e?/mc? for 
E=2.4 Mev. The results checked to 0.01° for 
59 and de. For 5; the “straight” cut-off gave 1.40° 
and the “zero” cut-off gave 1.50°. An accuracy of 
0.01° was not obtained until the integrations 
were extended to r=Se*/mc?. The values used 
correspond to the “zero” cut-off with x9=0.32. 

Financial assistance from the Wisconsin Alumni 
Research Foundation and the WPA project in 
natural sciences at the University of Wisconsin 
is gratefully acknowledged. 
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The Meson Theory of Nuclear Forces 
I. General Theory* 


H. A. BETHE 
Cornell University, Ithaca, New York 


(Received November 20, 1939) 


In this paper, the meson theory of nuclear forces is 
presented in a simplified way. As in Yukawa’s first paper, 
the forces between two nuclear particles are derived 
directly from the field equations and the Hamiltonian of 
the meson field (§2,3), without quantization of the field. 
The charge dependence of the forces is discussed (§4) and 
it is found that only two assumptions are in agreement 
with experimental facts, notably the equality of the forces 
between two like and two unlike nuclear particles in the 
singlet state. These assumptions are either (1) that nuclear 
particles interact only with neutral mesons (neutral theory) 
or (2) that they interact equally strongly with neutral, 
positive and negative mesons (symmetrical theory). It is 


then shown (§5) that the part of the force which does not 
depend on the spin of the nuclear particle does not fulfil] 
any useful function in the theory. Accordingly, the 
hypothesis is made that this part is absent so that there 
is only a spin-dependent interaction (single force hy. 
pothesis). Finally (§6), it is pointed out that the interaction 
must be cut off at small distances in order to obtain finite 
eigenvalues for the deuteron. Such a cutting off is to be 
expected from the general theory, particularly because of 
the possibility of the simultaneous emission of two or 
more mesons. The cut-off is to be expected at a distance 
ro of about one-third the range of the nuclear forces. 





§1. INTRODUCTION 


UKAWA! first pointed out that nuclear 
forces can be explained by assuming that 
particles of mass about 200 times the electron 
mass (mesons) exist and can be emitted and 
absorbed by nuclear particles (neutrons and 
protons). With such an assumption a force 
between nuclear particles of the right range 
(~2X10-" cm) and the right shape (rapid 
decrease at large distances) was obtained. If the 
mesons were assumed to be charged (positive or 
negative) the resulting force between nuclear 
particles turned out to be of the “exchange”’ 
type which had been found successful in the 
interpretation of empirical facts in nuclear 
physics. The mesons must obey Bose statistics 
because they are emitted in the transformation 
of a neutron into a proton (or vice versa) both 
of which obey Fermi statistics; their spin could 
. be either zero or one to be reconcilable with 
their emission in the neutron-proton transforma- 
tion ; zero was chosen by Yukawa for simplicity. 
It was suggested by Yukawa that the mesons 
are intermediate stages in the 8-decay. A positive 


* A second part, on the theory of the deuteron, is in 
course of publication in The Physical Review. Section 
numbers from §7 on, equation oan from (36) on, and 
references from 35 on refer to that second part. 

1H. Yukawa, Proc. Phys. Math. Soc. + 17, 48 
(1935); H. Yukawa and S. Sakata, ibid. 19, 1084 (1938). 


B-decay, e.g., would follow the scheme: 


Proton—Neutron + Positive Meson (virtual 
state)— Neutron + Positive Electron + Neutrino, 


In the intermediate state energy is not conserved, 
in agreement with other dispersion processes, 
Because of the comparatively high mass of the 
meson the shape of the 8-spectrum is practically 
the same as in the Fermi theory. 

Theories similar to Yukawa’s were suggested 
almost simultaneously by Wentzel* and by 
Stiickelberg.* 

A new impulse was given to these theories by 
the discovery in cosmic radiation of a particle of 
mass intermediate between electron and proton. 
Evidence was obtained by Anderson and Nedder- 
meyer for the occurrence of two kinds of 
particles in cosmic rays characterized by different 
losses of energy, viz. (1) the shower particles 
which behaved in every respect as required by 
theory for electrons, and (2) the particles 
occurring singly which apparently lost energy 
only by ionization. These particles of the second 
type could therefore certainly not be electrons. 
Anderson and Neddermeyer also showed that 


( 037) Wentzel, Zeits. f. Physik 104, 34 (1936); 105, 738 
1937). 
%E. C. G. Stiickelberg, Phys. Rev. 52, 41 (1937); 


Nature 137, 1032 (1936). 
*S. H. Neddermeyer and C. D. Anderson, Phys. Rev. 


51, 884 (1937). 
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the particles could not be protons because their 
jonization was too small. This conclusion was 
confirmed by Street and Stevenson’ who showed 
that single cosmic-ray particles of fairly low 
momentum (Hp~10*) could penetrate large 
thicknesses of lead which could not possibly be 
penetrated by protons of the given momentum 
(nor by electrons). 

Since its discovery, the medium heavy particle 
has been observed directly in the cloud chamber 
by several authors and its mass y» has been 
determined from the curvature and the ionization 
produced,® from curvature and energy loss in 
solid plates,’ or from curvature and range.* The 
most reliable measurements give © 


p= 150—220 electron masses. (1) 


It was natural to identify these cosmic-ray 
particles with the particles in Yukawa’s theory 
of nuclear forces. Yukawa’s theory was therefore 
more closely investigated by several authors. 
It was found that the theory in its original form 
(charged mesons of zero spin) gave the wrong 
sign for the interaction in the deuteron, i.e., 
repulsion instead of attraction in the *S state.°® 
This could be remedied by assuming spin ‘“‘one”’ 
corresponding to a vector wave function of the 
meson. This vector theory was developed simul- 
taneously by Yukawa, Sakata et al.,!° by Heitler, 
Froehlich and Kemmer"” and by Bhabha.” 

With a vector wave function for the mesons 
two distinct forces between two nuclear particles 
are obtained of which one (U) does not and one 
(V) does depend on the relative spin directions 


, Ne Street and E. C. Stevenson, Phys. Rev. 51, 1005 
1937). 

*]J. C. Street and E. C. Stevenson, Phys. Rev. 51, 1005 
(1937); E. J. Williams and E. Pickup, Nature 141, 634 
(1938); P. Ehrenfest, Comptes rendus 206, 428 (1938); 
D. R. Corson and R. B. Brode, Phys. Rev. 53, 773 (1938). 

™S. H. Neddermeyer and C. D. Anderson, Rev. Mod. 
Phys. 11, 191 (1939); J. G. Wilson, quoted by P. M. S. 
Blackett and B. Rossi, Rev. Mod. 7 11, 278 (1939). 

‘A. J. Ruhlig and H. R. Crane, .o Rev. 53, 266 
(1938); H. Maier-Leibnitz, Zeits. f. Physik 112, 569 
(1938); Y. Nishina, M. Takeuchi and T. Ichimiya, Phys. 
Rev. 55, 585 (1939). 

*W. E. Lamb and L. I. Schiff, Phys. Rev. 53, 651 (1938). 

”H. Yukawa, S. Sakata and M. Taketani, Proc. Phys. 
Math. Soc. Japan 20, 319 (1938); H. Yukawa, S. Sakata, 
M. Kobayasi and M. Taketani, ibid. 20, 720 (1938). 

"H. Froehlich, W. Heitler and N. Kemmer, Proc. Roy. 
Soc. 166, 154 (1938). 

™N. Kemmer, Proc. Roy. Soc. 166, 127 (1938). 

%H. J. Bhabha, Nature 141, 117 (1938); Proc. Roy. 
Soc. 166, 501 (1938). - 


of the two interacting nuclear particles. If the 
interaction is due only to charged mesons the 
forces are of the exchange type. The first force 
(U) is simply a Heisenberg force and is attractive 
in the *S (ground) state of the deuteron, repulsive 
in the 4S state. The second force, V, differs from 
the first by a factor #:-e2 where @; and oe, are the 
spin operators of the two interacting nuclear 
particles; it is attractive in both the 'S and *S 
state of the deuteron (like a Majorana force) and 
three times as strong in ‘S as in *S. By choosing 
a suitable linear combination we can obtain the 
empirical positions of the 'S and *S state on 
this theory. 

Any theory involving charged mesons only, 
will give no force between like nuclear particles 
(two protons or two neutrons) in first approxi- 
mation (i.e., with emission and absorption of 
one meson). In the second approximation there 
will be a strong repulsion at very small dis- 
tances." This is in contradiction with experi- 
ments on proton-proton scattering which show"® 
that the force between two protons is strongly 
attractive and very nearly equal to that between 
neutron and proton in the singlet state. A force 
between two like particles in the first approxi- 
mation can only be obtained with neutral 
mesons. While such particles have not yet been 
observed in cosmic rays it seems not unreasonable 
to assume their existence from reasons of sym- 
metry. Kemmer’® has developed a theory of 
nuclear forces in which neutral and charged 
mesons occur in a symmetrical way and which 
explains in a natural way the equality of the 
forces between like and unlike nuclear particles. 
An alternative way of explaining this equality is 
to assume interaction with neutral mesons only; 
then the charge of the nuclear particle (i.e., 
whether it is a neutron or a proton) becomes 
entirely irrelevant and the equality of forces 
follows immediately. This alternative will be 
discussed in the present paper. 

In the papers quoted the method of second 


“4M. A. Tuve, N. P. Heydenburg and L. R. Hafstad, 
Phys. Rev. 50, 806 (1936); 51, 1023 (1937) ; 53, 239 (1938); 
55, 603 (1939). R. G. Herb, D. W. Kerst, D. B. Parkinson 
and G. J. Plain, ibid. 55, 998 (1939). 

16 G. Breit, E. U. Condon and R. D. Present, Phys. Rev. 
50, 825 (1936); G. Breit, H. M. Thaxton and L. Eisenbud, 
ex Rev. 55, 1018 (1939); G. Breit, L. E. Hoisington, 
S. S. Share and H. M. Thaxton, Phys. Rev. 55, 1103 (1939). 

16 N. Kemmer, Proc. Camb. Phil. Soc. 34, 354 (1938). 
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quantization was used to derive the force be- 
tween nuclear particles. Stiickelberg’’ and es- 
pecially Mgller and Rosenfeld'!* have shown that 
this is not necessary and that the interaction in 
the first approximation can be obtained from a 
purely classical treatment of the meson field by 
use of contact transformations. We shall here 
follow the same procedure without actually 
putting the contact transformation in evidence: 
This will lead to a derivation which is even 
simpler but not as rigorous and far-reaching as 
that of Mgller and Rosenfeld. A similar deriva- 
tion was given by Yukawa! in his first and 
fourth paper. 


Considerable discussion has been devoted to the question 
of naming the new particle. Heavy quantum,' heavy 
electron," barytron,’® or baryteron,?® mesotron® and 
meson” have been used in the literature, besides the name 
yukon (after Yukawa) used in conversation. It seems to 
us that the only name definitely to be avoided is ‘‘heavy 
electron.”” If there is any truth in the current theories 
then the new particle differs from an electron as much as 
any particle can: It has a different mass, a different spin 
and different statistics. Even a proton could be more 
rightfully called ‘‘heavy electron’’ because it has at least 
the same spin and statistics. If we have to assume a 
neutral modification of the meson as well as charged ones 
it becomes even more awkward to use the name ‘‘heavy 
electron” for the charged modification: It would mean 
that very similar particles are called by different names 
(heavy electron and ‘‘neutretto”) and very different 
particles by similar names (electron and heavy electron; 
neutrino, neutretto and neutron). The use of the name 
“heavy electron” is even dangerous because it leads easily 
to misconceptions.* As long as this name is avoided it is 
not important which name is actually chosen. However, 
it seems more characteristic for the particle that it has 
“medium weight” than that it is “heavier” than an 
electron. Linguistic reasons* then decide in favor of meson 
over mesotron. 


§2. GENERAL THEORY 


In this section we shall derive the general 
expression for the interaction between nuclear 


17 E. C. G. Stiickelberg, Phys. Rev. 54, 889 (1938). 

18C, Mgller and L. Rosenfeld, to be published in Kgl. 
Dansk. Vidensk. Proc. 

19L. W. Nordheim and G. Nordheim, Phys. Rev. 54, 
254 (1938). 

20F, J. Belinfante, Nature 143, 201 (1939). 

21C. D. Anderson and S. H. Neddermeyer, Nature 142, 
878 (1938); R. A. Millikan, Phys. Rev. 55, 105 (1939). 

2H. J. Bhabha, Nature 143, 276 (1939). 

3G. E. M. Jauncey, Phys. Rev. 52, 1261 (1937); 53, 
106, 197, 265, 669 (1938); S. H. Neddermeyer, Phys. Rev. 
53, 102 (1938). 


particles. By ‘‘nuclear particle” we shall generally 
understand a neutron or a proton; a short 
common name for these two modifications of the 
nuclear particle would be highly desirable. Our 
results will in no way go beyond those previously 
obtained ;! "—3.16-18 in the derivation we shall 
only attempt simplicity rather than rigor and 
completeness. The nuclear particle will be treated 
nonrelativisitically ;* the meson must, of course, 
be treated relativisitically. The meson field js 
not quantized ; therefore the interaction between 
nuclear particles is only obtained to the order g* 
(for the significance of g see below) while terms 
of order g*, etc. are neglected. To show the 
analogy with the electromagnetic field, all 
quantities describing the meson field are denoted 
by the same letters as the corresponding electro- 
magnetic quantities, viz. gy, A, E, H. This will 
not give rise to confusion because we do not 
consider actual electromagnetic fields in this 
paper. In this section we shall only consider 
neutral mesons; theories involving charged 
mesons will be discussed in §4. 

The meson field will be described by a four- 
vector potential y, A which satisfies the usual 
condition 


div A+d¢/cdt=0 (2) 


and by a six-vector (antisymmetric tensor) E, H. 
In the absence of nuclear particles E and H can be 
derived directly from the potentials: 


E=-—grad y—0A/cdt, (3a) 
H=curl A. (3b) 


Likewise in the absence of nuclear particles, the 
“field intensities’” E and H satisfy the relations 


div E+«9=0, (4a) 
curl H—0dE/cdt+x°A=0, (4b) 


where « is a constant of the dimensions of a 
reciprocal length. (4a,b) correspond to one set 
of Maxwell equations modified by the «* term. 
The other set follows from (3a,b), viz. : 


div H=0, (5a) 
curl E+0H/cdt=0. (Sb) 


* A short report of a relativistic treatment was given 
by E. Feenberg, Phys. Rev. 55, 602 (1939). 
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If we consider the meson as a particle, the ten 
quantities g, A, E, H are the components of its 
wave function and correspond to the four 
components of the Dirac wave function of the 
electron. E and H may be eliminated from (4), 
using (3) and (2); then we obtain 


Vo—o/ed?—nro=0, (6a) 
VA—3@A/cdf—A=0, (6b) 


which are the Klein-Gordon equations of a free 
particle of mass 


w=hx/c, (7) 
so that 
k=uc/h (7a) 


is the reciprocal Compton wave-length of the 
meson (times 27). If we identify the meson of 
our theory with the particle observed in cosmic 
rays, we have »~ 180m where m is the electron 
mass. For the numerical calculations in the 
theory of the deuteron it will be convenient 
(cf. Eq. (39a)) to use 


u=177m, (8) 


which is within the limits of error of the experi- 
mental determination (1). Then we have 


«=4.58X 10" cm, (8a) 

1/x=2.18,x10-" cm, (8b) 

1/x is the “range’’ of the nuclear forces (cf. 
Eq. (19)). 


In the presence of a nuclear particle, (4) is 
replaced by 


div E+¢=4rp, (9a) 
curl H—0E/cdt+A=4rj/c, (9b) 


where p=gy*y, (10a) 
| j/c=gy*ay. —(10b) 


y is the wave function of the nuclear particle, 
a the Dirac operator and g a constant. g has the 
same significance for the interaction of a heavy 
particle with the meson field as the charge e for 
the interaction of a charged particle with the 
electromagnetic field. Eqs. (9) are relativistically 
invariant, left and right sides being the compo- 
nents of a four vector. 

Equations (3) are modified by the addition of 
an antisymmetrical tensor involving the nuclear 


particle, viz. 
E+grad 9+0A/cdt=4rN/x, (11a) 
H—curlA=41M/x, (1b) 
N=iff*Bey, (12a) 
M=fy*pey. - (12b) 


The constant g is independent of f. The right- 
hand side of (11b) represents the spin density. 
M and p are “static” quantities, i.e., they are 
large for nuclear particles at rest, while j and N 
vanish in this case and are generally of the 
order v/c compared with p and M where 2 is the 
velocity of the nuclear particle. In a theory in 
which the nuclear particles are treated non- 
relativisitically, j and N may be neglected. 
Combining (9) and (11), we obtain (cf. 2) 


1 d°9 4r 
V?9—— —— «*o= —4rp+— div N, (13a) 
c? at? K 
1 3’A 4rj 
"A —— —-— A= —— 
c? at? c 
4r 
+—{ curl M—-— (13b) 
K c ot 


In a nonrelativistic approximation for the nuclear 
particles, N and j should be neglected and p, M 
considered independent of the time. Then the 
solution of (13) is 





| , P(r’) R 
ot) = f as — exp(—clr—rl], ° (14a) 


1 1M(r’ 
A(r)= —- f —_ 


K lr—r’| 
Xexp [—«!r—r’|]. (14b) 
The divergence condition (2) is fulfilled. If the 
wave function y of the nuclear particle is 
concentrated in a small space (small compared 


with r) around the origin (“point charge’’) we 
may write 


¢(r) =(g/r)e-", (15a) 


f “i 
A(r) = —- curl (s —), (15b) 


K r 








where 
" f V*Boydr' = f Yroydr’ ~— (16) 


is the spin of the nuclear particle. 
If a nuclear particle is subject to a meson 
field the potential energy is 


1 
m= f dr(pe-—j-A+-MOH—-N-B)., (17) 
c K kK 
The general form of this potential energy follows 
from the field equations (9), (11) and from 
considerations of relativistic invariance. The 
sign of the first two terms is the same as in 
electrodynamics; in general, the sign can only 
be derived from the Hamiltonian of the field 
which will be discussed in the next section. 

We shall now assume that the meson potential 
(15) is produced by a nuclear particle 1 located 
at the origin and acts on a particle 2 located at r. 
Then we have, neglecting relativistic terms and 
using (11b): 


£182 fife ed 
Epot =——e~” ——Sz- curl curl { s;— 
r K? r 


4r 
+—Sifs $i°S25(r), (18) 


6 being Dirac’s singular function. Evaluating 
the curl curl, we obtain: 


e* 
—curl curl ( S:—— } = — grad div. wr) 


r 


e 
+5,v"(— = —grad (s: oat - — 


r r 
—«r 


+ x*s,;—— — 48; 4(r). (18a) 
rT 


The last term of (18a) cancels the last term of 
(18). The first term can be transformed in a 
straightforward way. The final result is 


Epo = U+ V, (19) 
U=g1g2e-"/r, : (19a) 
V=Vi+ V2, (19b) 

Vi=(2/3) fife S1°S2e""/r, (19c) 


e"7 1 
Ve= fifr—(—5+— -+-) 


Kr? Kr 


81° Sef 
x(-3 +581). (19d) 


r 
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The interaction U (19a) arises from the term 
py in (17); it does not depend on the spins of 
the nuclear particles and is repulsive for two 
nuclear particles of the same kind (gi=gs). Thus 
it behaves in every respect like the Coulomb 
force in electrodynamics from which it differs 
only by the exponential factor e~*. This factor 
provides the rapid decrease of the force at large 
distances which is required by experiment. 1/, 
is the range of the force (cf. (8b)). 

The interaction V is spin-dependent and comes 
from the term M-H in (17). V can conveniently 


be split into two parts of which the first does not | 


depend on the direction of the vector r between 
the two particles (relative to the spin s) while 
the second does depend on it and gives zero when 
averaged over all directions of r. V2 diverges as 
1/r* at the origin while U and V, behave as 1/r, 
V; and V2 are quantitatively related to each 
other, both depending on the value of f; U is 
independent of V (depending on g). For like 
particles (f1=f2), Vi is repulsive when the spins 
are parallel (triplet), attractive for opposite 
spins (singlet). 


§3. SIGN OF THE INTERACTION 


In this section we shall discuss the Hamil- 
tonian of the meson field mainly in order to 
determine the sign of the potential energy of 
nuclear particles in the field which had been 
assumed arbitrarily in (17). The Hamiltonian of 
the electromagnetic field interacting with matter is 


Weiee= f dr{(E?+H?)/8r—A-j/c}. (20) 


The occurrence of the term A-j without its 
relativistic partner pg should be noted. With the 
help of the field equations, the Hamiltonian can 
be expressed in terms of the potentials rather 
than the field intensities; it then takes the form 


Keiec= fart =| era ats (= ~) 
) A: 
grad? o——(—* *)' + +or-—|. (21) 


This form is more symmetrical than (20) and 
suitable for immediate derivation of the field 
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equations. It has essentially been used by Fermi 
in his formulation of quantum electrodynamics.” 
It has the disadvantage of being more compli- 


cated than (20) and of making it less evident that. 


the Hamiltonian is positive definite (see below). 
The Hamiltonian of the meson field expressed 
in the field intensities has the form 


1 
= | dri—lE*®+H?’+«?(A? 2) |—A:j 
™ f | 4+H?+2(A?+ 9%) ]—A-j/c 
—N-E/x}. (22) 


With the help of the field equations this can be 
transformed into a form analogous to (21): 


1 1 / 0A\? 
x= f de|—| prac at+—(—) +A? 
8r c*\ at 


1 /d¢\? A:j 
—grad? o-—($) - ce|+pe—— 
c*\ at c 
1 2r 
+—(A-curl M—¢ div N) —_~ N?) . (23) 
k 


K 


We introduce the momenta conjugate to A and 
¢ as follows: 


1 0A 1 

p=—— — ——N, (23a) 
4nc? ot Ke 
1 dy 

p=—— —. (23b) 
4rc* at 


Then the field equations (13a,b) follow by the 
usual method. 

To deduce the potential entering the wave 
equation for the nuclear particles it is convenient 
to transform the second last bracket in (23) by 
an integration by parts into 


feraa-cur A+WN-grad ¢)/x«. (23c) 


The Dirac equation of the nuclear particle is 
obtained by taking the derivative of the Hamil- 
tonian (including its ‘material’ part) with 
respect to y*. Remembering the definition of M 


*E. Fermi, Rev. Mod. Phys. 4, 87 (1932). 


MESON THEORY OF NUCLEAR FORCES 








and N we find 
Wy=68Mcy+a-py 


1 4n 
+|e—e-A+-pe- (cur a+—m) 
K K 


1Ba 10A 4r 
+. (rad et+- ———N) (24a) 
c at 


«K kK 


where W is the energy. With the use of (11) this 
simplifies to 


Wy=([8Mc+a-p+eo-—a-A 
+B(o-H—ie-E)/«]y. (24) 


Multiplying by ¥* from the left and integrating 
over space, this yields the expression (17) for 
the potential energy of the nuclear particle. 

It may be noted that the terms representing 
the interaction between field and matter in (22) 
(i.e., the two last terms) are again unsymmetrical 
relativistically, just as in electrodynamics (cf. 
(20)). Only the “‘small” material quantities, j 
and N, appear but not the “large’’ quantities, 
p and M. The alternative form (23) of the 
interaction which involves the potentials is again 
symmetrical. 

In (22), there is no term containing the 
material quantities M and N quadratically. The 
transformation from (22) to (23) brings such 
terms into the Hamiltonian but in such a way 
that they disappear again in the wave equation 
(24) and therefore in the potential energy (17) 
and in the final interaction energy (19). In this 
respect, our formulation agrees with that of 
Yukawa, Sakata and Taketani, and differs from 
that of Froehlich, Heitler and Kemmer. 

The form (22) shows most clearly that the 
Hamiltonian is positive definite for fields not 
containing matter (i.e., no nuclear particles). 
From (23) this result follows only when the 
divergence condition (2) is taken into account. 
The positive definite character of the Hamiltonian 
for the field alone determines essentially the sign of 
the interaction between two particles. This point 
will be considered in more detail in another 


paper. 


26H. A. Bethe, to appear shortly in The Physical Review. 








H. A. 


§4. CHARGE DEPENDENCE OF THE 
NUCLEAR FORCES 


A. Neutral mesons only 


Thus far we have tacitly assumed that the 
mesons constituting the field are electrically 
neutral. Only then can we speak of the meson 
field ‘‘associated with a proton” (or a neutron) 
because the nature (charge) of the nuclear 
particle does not change by emitting or absorbing 
a neutral meson. The only freedom we have in 
this ‘‘neutral theory”’ is to choose values for the 
“‘mesonic charges” f and g of neutron and proton 
which may be different for the two kinds of 
particles. We denote the respective values of 
f, g for proton and neutron by fpgp and fygy. To 
determine the relative values of these constants 
we use general experimental facts of nuclear 
physics. 

(1) Nuclear forces are symmetrical in neutrons 
and protons,”’ i.e., the forces between two protons 
are the same as those between two neutrons 
(except for the electrostatic force). This identity 
refers to the magnitude as well as the spin 
dependence of the forces. Therefore we must 


have (cf. (19)) 


gn’ = gp’, (25a) 

fu? =fr’, (25b) 
: which permits the solutions 

gn= +p, (26a) 

fun=+fe. (26b) 


(2) The force between a neutron and a proton 
in the !S state is practically identical'® with that 
between two protons in this state, as revealed 
by the scattering of slow neutrons and slow 
protons by protons, respectively. This fact shows 
that the positive sign must be chosen** in both 


(26a) and (26b), viz. 


gv =gp, (27a) 
fv =f. (27b) 
27H. A. Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 


133 (1936). 

28 The equality of neutron-proton and proton-proton 
interaction in the 4S state by itself shows only that (cf. 
(19a,c)) 

engr— 2fnfp = gr*—2fr’. (27c) 


Only in conjunction with (26a,b) the two equations 
(27a,b) can be deduced separately. 





BETHE 


In the neutral theory, therefore, neutron and 
proton are completely equivalent and indistin- 
guishable as far as the associated meson fields 
are concerned. The expressions gig2 and ff. in 
(19) can be replaced by g* and f? whatever the 
interacting particles. The interaction thus ob- 
tained will be denoted by W, in the following, 
It is an ordinary (nonexchange) interaction 
which, however, does depend on spin. In the 
language customary in nuclear theory, it would 
be a mixture of a Wigner and a Bartlett force.* 


B. Charged mesons only 


The emission of a charged meson will be 
accompanied by a change of charge of the 
emitting nuclear particle. Thus a neutron (JN) 
can only emit a negative (M~) or absorb a 
positive (M+) meson and will thereby be trans- 
formed into a proton (P). In the second approxi- 
mation of the Schrédinger perturbation scheme, 
i.e., when we consider the emission of one meson 
by a nuclear particle and its reabsorption by 
another, this will lead to forces between a neutron 
and a proton. The scheme of the interaction 
between a particle 1 which is originally a neutron 
and a particle 2 originally a proton is: 


Either N,-P 4+, P2+M-=Nsz, 
or P,-N2+ Mt, Nit+ Mt=P,. 


It is obvious that in this way no force will be 
obtained between two nuclear particles of the same 
kind, i.e., two neutrons or two protons. These 
statements are also valid in the approximation 
of the field theory which is completely equivalent 
to the second order Schrédinger approximation 
since both theories give the interaction terms of 
order g? (or f*). 

The force between two nuclear particles ob- 
tained with charged mesons may be written 


Wen= W'(Qi02* +Q:*Q2). (28) 


Here Q is an operator transforming a neutron 
into a proton and Q* the reverse operator. If 
particle 1 is originally a neutron, 2 a proton, 
Q,0.2* will interchange the charges of the two 
particles while Q2Q,* is zero. If both nuclear 
particles have the same charge, the operator in 
(28) will be zero. W’ will be identical in form 
with the interaction due to neutral mesons but 


* Cf. reference 27, p. 105. 
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the g and f will now be the quantities which 
refer to the strength of the charged meson field 
associated with a nuclear particle. It is important 
that in the formulae (19) for the various parts 
of W’ we must now put |g|? and |f|? for gigs 
and fif2. This is because g; refers to one transfor- 
mation of the nuclear particle and ge to the 
reverse transformation; from general principles 
of quantum theory (reality of the Hamiltonian**) 
we must then have ge=g.*, fe=f:* (the asterisk 
denotes complex conjugate). Further, if g repre- 
sents the interaction between nuclear particles 
and mesons of one charge, there will be a contri- 
bution W.» from mesons of each sign of charge. 
The total nuclear potential due to charged 
mesons is therefore 2W.-y. 

(28) represents an exchange force of the 
Heisenberg type. It is most convenient to write 
the wave function of a system of two nuclear 
particles in terms of five coordinates for each 
particle, viz. 


W(T1, Ms1, Mr1; T2, Mer, M,2). 


Here r represents the three space coordinates, 
m, the spin and m, the charge coordinate. m, 
and m, can each assume the two values +4 and 
—}. These are the values of the spin component 
in a given direction in the case of m,, while 
m,=+%3 means that the particle is a proton, 
m,=—} that it is a neutron. Now the operator 
0,02*+Q:*Q2 will interchange m,, and mm,» 
provided one of the two particles is a proton, 
the other a neutron, but irrespective of which is 
which. (If both particles are of the same kind, 
the operator is zero, as mentioned before.) Now 
it is easy to show that WV will be either sym- 
metrical or antisymmetrical in the charge co- 
ordinates m,,m,2; therefore the operator Q,Q2* 
+(Q,*Q2 will be equivalent to a factor +1 or —1, 
respectively. 

The symmetry with respect to the charge is 
related to that with respect to space coordinates 
and spin by the Pauli principle. This principle 

* The Hamiltonian operator of the interaction between 
charged meson field and two nuclear particles 1, 2 will be 
ReelolrQs+ olrsdQs}+ e°LoP(rdO°+ °lr2)02°] 


terms depending on spin 


where ¢* is the operator of emission of a positive meson, 
¢ the operator of absorption. The same formalism as in 
§2 leads then to the interaction 


' W=gg*(e /r)(Q:02*+0:°Q2)+spin terms. 


requires that WV be antisymmetrical with respect 
to interchange of all coordinates, viz. r, m, and 
m,. Now the symmetry of WV with respect to r 
and m, is as follows :* 


V is symmetrical with respect to r if the orbital 
momentum L of the system is even, 
antisymmetrical in r, if L is odd. 
WV is symmetrical in m, if the total spin s is one, 
i.e., if the system is in a triplet state 
antisymmetrical in m, if s=0 (singlet state). 


Therefore, according to the Pauli principle, 


WV is symmetrical in m, for singlet states of even 
L and for triplet states of odd L, 

WV is antisymmetrical in m, for triplet states of 
even L and for singlet states of odd L. 


In particular, the ground state (*S) of the deu- 
teron is antisymmetrical, the virtual ‘4S state 
symmetrical in the charge coordinate. For two 
particles of the same kind, we have of course 
m,1=m,2 so that only the states symmetrical in 
m, are permitted. 

Summarizing, we find that the interaction 
caused by the charged meson field is: 


0, if the two interacting nuclear par- 
ticles are of the same kind; 

+2W’, if they are of opposite kinds (pro- 
ton and neutron) and if the wave 
function is symmetrical in the 
charge coordinate m, (e.g. inthe (29) 
1S state) ; 

—2W’,if they are proton and neutron 
and the wave function is anti- 
symmetrical in the charge (e.g. 
in the 4S state). 


Considering in particular the spin-independent 
part U (cf. (19a)) of the interaction, this means 
(W’ positive!) a repulsion in the 'S state (sym- 
metrical in m,), an attraction in the *S state 
(antisymmetrical). 


C. Symmetrical theory 


The theory involving charged mesons only 
was found to contradict experiment by giving no 
force between two like nuclear particles. This 
can be remedied by using neutral as well as 


charged mesons. In this case, the argument 1 


* Cf. reference 27, p. 107. 














given in Section A will still be valid, i.e., the f 
and g values for the interaction with neutral 
mesons must be either equal for proton and 
neutron, or equal and opposite. In contrast to 
A, however, the solution gy=gp, fy=fp is to be 
ruled out: This solution would make the inter- 
action caused by neutral mesons alone, equal 
for like and for unlike nuclear particles. Since 
for unlike particles the charged mesons give an 
additional contribution while for like particles 
they do not, the /ofal interaction could not be 
the same for like and unlike particles in the 1S 
state, in contrast to evidence 2 quoted in Section 
A. Therefore we must now choose the negative 
sign in (26), putting 
gv°= —gp°, (30a) 
fu° = —fe°, (30b) 
the superscript 0 signifying the fact that these 
quantities refer to the interaction with neutral 
mesons (M°). 
Then we find that the interaction due to 
neutral mesons alone is 
+W,, if the interacting nuclear particles 
are alike (31) 
— W,, if they are unlike. 

The total interaction in the 'S state (due to 
neutral and charged mesons) is therefore 
W,, for like particles 

— W,+2W’ for unlike particles. 
Since these two interactions are experimentally 
equal, we find 


(31a) 


W'= W,. 
In other words, the absolute values of g and f 


must be the same for the interactions with 
neutral, positive and negative mesons: 


le*| =le-|=l2°| =Ial, 
IM l=IPl=lPl=fl- ™ 
This theory is therefore symmetrical in all the 
three kinds of mesons. It was first investigated 
by Kemmer"® using a more elegant method. 
With this symmetrical theory, we find for the 
total interaction energy (cf. (29), (31)) 


W=-+W, for all states symmetrical 
in the charge coordinate, (33) 
= —3W, for all states antisymmetrical 
in the charge coordinate. 
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TABLE I. Summary of the sign of various interactions. 




















INTERACTION 
(cr. (EQ. 19)) NEUTRAL THEORY SYMMETRICAL THEORY 
U Always repulsive Repulsive for states 
symmetrical in the 
charge 
Attractive for states 
antisymmetrical 
in the charge 
Vi Repulsive for triplet Repulsive for odd L 
states 
Attractive for singlet Attractive for even L 
states 
V2 Zero for singlet Zero for singlet 
states states 
Attractive for triplet Repulsive for triplet 
states states of even L 
if total spin S and (attractive for odd 
vector r from one L) when S and r 
particle to the are parallel 
other are parallel 
Repulsive when S Attractive for even L 


perpendicular to r 


(repulsive for odd 





L) when S and r 
are perpendicular 








This result may be written in the form 
W=W, 11°%2, (33a) 


where %;, t2 are the isotopic spin operators" of 
the two nuclea r particles. t,-*2 has the value +1 
for states symmetrical in m, and —3 for anti- 
symmetrical states, just as for the ordinary spin 
o,:02= +1 for triplet states and —3 for singlets. 
As has been pointed out before, W,, is given by 
(19) with gi:=ge=g and f,=f2=f. 

We see from (33) that the symmetrical theory 
gives the same interaction as the neutral theory 
for the 1S state (and all symmetrical states), but 
the opposite sign, and three times the magnitude, 
for the *S state (and all antisymmetrical states). 
The potential in the symmetrical theory is a 
mixture of exchange and ordinary force which 
resembles qualitatively an exchange force; the 
spin-independent part (19a) is similar to a 
Heisenberg, the spin-dependent part (19c) toa 
Majorana force. 


D. Summary of the sign of the various inter- 
actions 


A summary of the sign of the various inter- | 


actions is given in Table I. The statements about 
U and V; follow from the foregoing formulae 
and discussions considering that o;-¢2= +1 for 
triplets and —3 for singlets. V2 will be discussed 
in detail in §8, 9. 
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§5. THE SINGLE ForcE HyPortHEsis 


The spin-indépendent interaction U (cf. (19a)) 
alone cannot explain the known experimental 
facts about two-particle systems. For this force 
js repulsive in the neutral theory, and therefore 
also in the symmetrical theory for the 'S state 
(cf. §4C) whereas experimentally there is an 
attractive potential in the 'S state. Moreover, 
the potentials in 'S and *S states are experi- 
mentally different. 

Therefore the spin-dependent interaction V 
(19b,c,d) must certainly be present, i.e., f must 
be different from zero. We shall show in this 
section that it is possible with V alone, to explain 
qualitatively all known facts about nuclear two- 
body systems and also the saturation of nuclear 
forces. In the quantitative discussion in Part 
II we shall show that the interaction U is 
actually harmful in many cases. Therefore we 
make the hypothesis: 

The spin-dependent interaction V is the sole 
nuclear force (Single Force Hypothesis, S. F. H.). 

It is obvious that this hypothesis means an 
enormous simplification in concept (though not 
in mathematics) compared with the older nuclear 
theory with its four different kinds of forces 
(Wigner, Bartlett, Majorana and Heisenberg) to 
which another force, not spherically symmetrical, 
had to be added by Schwinger in order to 
explain the quadrupole moment of the deuteron. 

With the single-force hypothesis, the inter- 
action between two nuclear particles becomes 
explicitly (cf. (19)) 


V=VitVs, (34) 


where for the neutral theory 


Vi=3f'o:-o2e-"/r, (34a) 
@\°'T oof al 
r= P( aor am +o1-02 }— 
r r 
1 1 1 
x —+-+,). (34b) 
wr? xr 3 


while in the symmetrical theory these expressions 
must be multiplied by +,-*2. (We have used in 
(34) the spin operators o rather than the average 
value s of the spin; this is convenient for later 
use in the wave equation.) 
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We shall now show that this force is actually 
capable of explaining all the empirical facts about 
two-body systems. For any singlet state, V2 is 
identically zero. This can be seen either by 
direct evaluation, or from the fact that the 
average of the first parenthesis over all orienta- 
tions of the spin must be zero, and that for a 
singlet state this average is equal to the actual 
value. In V,, the factor o:-e2 is equal to —3. In 
the neutral theory, we therefore get an attractive 
potential V, for any singlet state. The same is 
the case in the symmetrical theory for the 'S 
state since in this case t;-t2=1. This result is in 
agreement with the experimental evidence which 
shows attraction in the 'S state both for the 
deuteron and the double proton. 

Regarding the ground state of the deuteron 
which is essentially a *S state, the two alternative 
theories differ. In the neutral theory, the central 
force V; will be repulsive since #,-¢2=+1 for 
triplets. In the symmetrical theory, t:-t2= —3 
for this state (cf. §4C) so that #;-e@2 ¢:- 2 has the 
same value as for the 'S state, viz. —3. Therefore 
V; will be attractive and equal to its value for 4S. 

Whichever theory is used, the potential V2 
(“tensor interaction’’) will mix the *S state with 
a *D, state. This will cause the ground state of 
the deuteron to have a quadrupole moment in 
agreement with the observations of Kellogg, 
Rabi, Ramsey and Zacharias. In addition, V- will 
lower the triplet state (second-order perturbation 
of a lowest state). In the case of the sym- 
metrical theory, this will automatically make the 
8S state lower than the 4S because the two states 
would coincide if V2 were neglected. This result 
agrees with experiment according to which the 
triplet state is the ground state while the 'S state 
is unstable and close to zero energy. In the 
neutral theory a greater lowering effect of V2 is 
required, first to offset the repulsive action of 
V,, then to make up for the attraction in the 'S 
state, and finally to depress the triplet state 
below the singlet. However, owing to its di- 
vergence with 1/r’, the interaction V_ becomes 
very large (cf. §6) and can therefore easily make 
the triplet lower than the singlet even in the 
neutral theory. That this is actually the case 
will be shown by the detailed calculations in 
§12, 13. 

We have thus shown that the position of the 
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deuteron levels can be explained by the potential 
V, the singlet level being determined exclusively 
by the central force V; while for the triplet the 
most important force is the tensor interaction V2. 
It is not necessary to lower the triplet (and raise 
the singlet) by means of the spin-independent 
force U (cf. (19a)) as has been believed ;™ 16 
on the contrary, the use of the tensor interaction 
for this purpose has the advantage of giving a 
quadrupole moment at the same time. 

A very important requirement for any nuclear 
theory is the saturation of the nuclear forces for 
heavy nuclei.*° A necessary (though not suffi- 
cient) condition for saturation is that the average 
of the interaction over all directions of the spins 
@,:o2 be zero or repulsive. The average of our 
potential V is exactly zero which can be seen 
most easily by averaging over the two possible 
values, +3 and —}3, of m,; and m2. This would 
probably be also sufficient for saturation if we 
could show in addition that our forces favor a 
small value of the total spin of the nucleus (in 
agreement with the experimental behavior of 
nuclear spins). The central force V; will in the 
neutral theory indeed show such a tendency, 
being attractive for antiparallel spin of the two 
interacting particles (singlet) repulsive for paral- 
lel spins (triplet state). On the other hand, the 
tensor interaction V2 will favor a parallel align- 
ment of the spins provided the vectors r are also 
parallel to the resultant spin. This force, if 
acting alone, would lead to a very oblong rather 
than a spherical shape of the nucleus, a tendency 
which is strongly opposed by the marked increase 
of the kinetic energy of the particles for a non- 
spherical shape. For lighter nuclei, for which the 
kinetic energy is most important, the central 
force V, will certainly win out, yielding almost 
zero spin in agreement with experiment. For very 
heavy nuclei, however, the kinetic energy will 
increase more slowly than the potential energy, 
viz. as*! A™/16 as compared with A*. Therefore 
there will be the danger of a predominance of 
V2 with its consequences of large spin, non- 
spherical shape and, worst of all, nonsaturation. 


* See, e.g., G. Breit and E. Wigner, Phys. Rev. 53, 998 
(1938); H. Volz, Zeits. f. Physik 105, 537 (1937); E. 
Feenberg, Phys. Rev. 52, 667 (1937). 

%1T am indebted to Professor Wigner for this communi- 
cation and for pointing out the saturation difficulties 
mentioned in the text. 
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Whether this will actually occur, and whether it 
will occur in the range of existing nuclei (A <240) 
depends entirely on the behavior of the tensor 
interaction at very small distances. This is be- 
cause the effect of nonsaturation is a collapse 
of the nucleus to a small size which then permits 
every particle to interact with every other. If V, 
has the same sign at small distances as at large 
ones, and especially if it becomes very large, 
there will almost certainly be nonsaturation; jf 
V2 changes sign, the nonsaturation will not set 
in except at a much higher nuclear mass A ; and 
if V2 tends to zero, saturation will be preserved. 
Of course, there is no evidence at the moment on 
the behavior of V2 at small distances, but the 
assumptions leading to saturation are at least 
not implausible. 

In any case, it seems that the addition of a 
spin-independent force U will not help matters 
greatly because such a force would only increase 
the already existing repulsive central force V, 
in the triplet state. The symmetrical theory gives 
exactly the same result as the neutral one for 
nuclei containing only protons or only neutrons 
so that the same danger of nonsaturation exists 
here. The nuclei containing both neutrons and 
protons will not so easily show nonsaturation 
in the symmetrical theory because the force 
vanishes when averaged over the charge co- 
ordinates m,; and m,2; on the other hand, it is 
then more difficult to prove that the total spin 
tends to be small. 

Summarizing we may say that the single force 
hypothesis is not in contradiction with any 
known qualitative fact, and that nothing is 
gained by adding a spin-independent force U. 


§6. THE NECEssITY OF CUTTING OFF 


The tensor interaction V2: behaves at small 
distances as 1/r* and will therefore give rise to 
infinite negative eigenvalues. This follows most 
easily from the fact that there are certain states, 
particularly the *P; state (cf. §8, 9), for which 
the tensor interaction is equivalent to a simple 
attractive central force depending in the same 
way on fr. (In other states, e.g., *Po, the equiva- 
lent central force is repulsive. If the sign of the 
whole interaction were changed, the role of at- 
tractive and repulsive states would be inter- 
changed so that there would still be states with 
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an attractive 1/r* potential.) Now it is well 
known that in an attractive 1/r* potential there 
‘jg no lowest eigenvalue, and this fact is not 
changed by taking into account the centrifugal 
force acting in the *P, state because this force 
diverges only as 1/r? and therefore becomes 
negligible compared with the tensor interaction 
at small distances. 

It has been suggested that the divergence of 
the potential might not be so serious because the 
situation might be similar to that found® with 
respect to some terms in the relativistic inter- 
action of two electrons. As Breit®? has shown, 
only the first-order perturbation energy caused 
by these terms has physical significance while the 
terms should not be included in the potential 
used for calculating the wave function. If the 
same were true of the tensor interaction there 
would be no divergence difficulty: For then the 
wave function of the *P; state would have to be 
calculated using only the centrifugal force ~1/r? 
and potentials which diverge only as 1/r. Then 
the wave function would behave as r at small 
distances, and the average value of the tensor 
interaction taken over this wave function (first- 
order perturbation energy) would be finite (given 
by an integral which behaves for small r as 
Srdr r/r’). 

However, this solution is impossible. The 
tensor interaction is genetically entirely different 
from the relativistic terms in the electron inter- 
action. The former is a “‘static’’ interaction'® and 
can be derived from the Hamiltonian of the 
meson field by a contact transformation just as 
the Coulomb force is derived from the Hamil- 
tonian of the electromagnetic field. The rela- 
tivistic terms in the electron interaction are 
dynamic terms and therefore subject to the same 
uncertainties as, e.g., the self-energy. 

Even if the treatment of the tensor interaction 
as a true potential could not be justified from its 
derivation it would still be necessary a posteriori 
from its applications. It is obvious that the 
quadrupole moment of the deuteron could not 
be explained if the tensor interaction were to be 
excluded in the calculation of the wave function. 
But we can say even more: The tensor inter- 
action and the spin-dependent central force V; 


*G. Breit, Phys. Rev. 39, 616 (1932). 
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are genetically related, therefore the latter would 
have to be excluded as well. This would leave 
only U as a true potential for the calculation of 
the wave function, and U is repulsive for the 
singlet state in both the neutral and the symmet- 
rical theory, in contradiction with experiment. 

It is therefore necessary to cut off the potential 
at small distances and to replace it by one which 
diverges more slowly (less than 1/r*) or not at 
all. Only such a cutting off will make it possible 
to obtain finite results for the binding energy of 
a system consisting of two nuclear particles. To 
my knowledge, this is the first time that a cutting 
off 1s necessary in a purely mechanical problem. 

There are many reasons why the potential (34) 
will become invalid at small distances. The first, 
and probably the easiest to take into account, is 
the relativistic correction, both in the potential 
(“‘small” terms j and N) and in the wave equa- 
tion. The first of these effects means the taking 
into account of the retardation, the second the 
relativistic change of mass. However, it seems 
very doubtful whether these corrections will give 
the desired effect. Relativity can only be expected 
to be important when the potential energy be- 
comes about 2.Mc? (factor 2 because there are two 
particles) but actually the explicit calculations 
show that the potential must be cut off at a 
value of about }Mc in the neutral theory 
(straight cut-off, cf. §13, Table IV) and at only 
0.015Mc? in the symmetrical theory. Moreover, 
it is not at all certain in which direction the 
relativistic corrections will act: The relativistic 
change of mass will certainly act like an. increase 
in the effective potential, i.e., give an effect in 
the wrong direction. The retardation will prob- 
ably give an effect in the right direction but 
whether this will be sufficient to overbalance the 
effect of the change of mass is doubtful. In the 
hydrogen problem, as is well known, the change 
of mass effect predominates. 

A more promising reason for cutting off seems 
to be the interaction of higher order in f*/hc. 
The unquantized field theory as presented in §2 
gives only the terms of order f? in the interaction. 
Terms involving higher powers of f could be 
calculated by the Schrédinger perturbation 
theory in conjunction with a quantization of the 
meson field. The fourth-order terms have been 
calculated by Yukawa,! by Froehlich, Heitler 
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and Kemmer" and by Mller and Rosenfeld ;'8 
they behave at small distances like 
prpi ff} 3 
Wo~— — = : (35) 
r he (xr)* cr? (xr)? 


thus their ratio to the terms of order f? is: 
WY /W© = (f?/he) (xr)~*. (35a) 


From the quantitative calculations in §13, 
(Table IV) we obtain f?/A4c=0.08. Accordingly, 

~ the higher order terms can be expected to be- 
come important for «r~0.3. In view of the fact 
that numerical factors have been left out, the 
agreement with the calculated cutting-off dis- 
tance in the neutral theory, viz., xr =0.32 or 0.40 
with two different methods of cutting off, is 
satisfactory. 

The third, and perhaps most important, con- 
sideration is that the meson field produced by 
nuclear particle A in the neighborhood of B, will 
interfere with the proper field of B. Since the 
latter is certainly very large, it cannot be ex- 
pected to obey the linear field equations of §2. 
Therefore there will not be a linear superposition 
of the proper field and the external field. This 
point has been particularly emphasized by 
Heisenberg.®* It is like the second point in making 
use of the nonlinearity of the field equations 
(higher than quadratic terms in the field energy). 
However, it differs from both the preceding 
points in permitting deviations from the simple 
fields of §2 even for small values of the “‘external’”’ 
field, i.e., for large distances of the interacting 
particles, because the proper field is always large. 
In other words, it is possible that in this theory 
we should not speak of a cut-off at all but of a 
general modification of the interaction potential. 

As Heisenberg* has shown the interference 
between external and proper field will be equiva- 
lent to an “inertia” of the spin of the nuclear 
particle. This is exactly what we need in order 
to reduce our interaction at small distances 
because the tensor interaction causes a rapid 
motion of the spin of the nuclear particles. 

A last possibility is that all interactions, 
nuclear as well as electromagnetic, etc., break 
down at small distances for some reason unknown 
at present and distinct from the nonlinearity of 





* W. Heisenberg, Zeits. f. Physik 113, 61 (1939). 
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the field equations discussed above. There js 
some indication that such a breakdown is re. 


quired in order to make the self-energy and the’ 


proper field of a particle finite. At what distances 
(or momentum changes, or field strengths) such 
a breakdown occurs can, of course, not be 
estimated at present. 

Summarizing we may say that there is ample 
reason for cutting off the interaction between 
nuclear particles at small distances. A cutting off 
distance ro of the order of one-third of the range 
of the nuclear forces, 1/x, would seem plausible. 
The exact value of ro, and the way in which the 
interaction must be cut off cannot at the moment 
be deduced from first principles but can only be 
obtained from a quantitative treatment of the 
two-body problem in conjunction with empirical 
data on binding energies, scattering, etc. 

In the absence of a rational theory of the 
cutting off, and in order to obtain an idea of the 
sensitivity of the results to the unknown be- 
havior of the potential at small distances, we 
shall investigate two alternative ways of cutting 
off, viz: (A) The potential is assumed to be zero 
inside a certain radius ro (zero cut-off), (B) The 
potential is assumed to be constant for r<ry and 
continuous at 7p (straight cut-off). In formulae: 


V(r) =0 for r<ro (A) 


or V(r) = V(ro) for r<ro. (B) 


For r2 ro, we assume in either case the validity 
of the potential (34). 

Our theory contains then two** unknowns, 
viz., the strength of the interaction, f, and the 
cutting-off radius ro. These two constants will be 
determined from the binding energy of the 
deuteron (triplet state) and from the scattering 
cross section of slow neutrons by protons which 
gives evidence on the singlet interaction of two 
particles. When f and fo are known, we can 
calculate further properties of the deuteron, in 
particular its quadrupole moment, and the 
agreement or disagreement of such quantities 
with experiment will provide a test of the theory. 


“The constant « (reciprocal range of the forces) is 
assumed to be known from the mass of the meson (Eq. 
(8)). Cf. however, the calculations of L. E. Hoisington, 
S. S. Share, and G. Breit, Phys. Rev. 56, 884 (1939), on 
the proton-proton nee which seem to require a 
larger value for x, corresponding to u =326m. 
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Multiple Scattering of Fast Electrons 
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The scattering of electrons and positrons of energy 
from 5 to 17 Mev has been measured in lead foils of 
thickness 0.015 and 0.038 cm, in carbon laminae of thick- 
ness 0.132 and 0.381 cm, and in an aluminum foil of 
thickness 0.118 cm. The scattering has been shown to be 
jin agreement with the multiple scattering theory of 
Williams in that the distribution in thé product of the 
scattering angle times the energy of the scattered particle 


is Gaussian in form, and in that the mean scattering angle 
times energy is independent of certain geometrical aspects 
of the experimental method of measurement, and of the 
energy and sign of charge of the scattered particles. For 
carbon the experimental magnitude of the mean scattering 
is in satisfactory agreement with theory, but in aluminum 
and lead the experimental results are only 85 percent and 
60 percent, respectively, of the theoretical predictions. 





XPERIMENTAL results of measurements 
on the multiple scattering of 10-Mev 
electrons and positrons in a thin lead foil of 


0.015 cm thickness have recently been published.! 


A comparison was made with the calculations of 
Williams? on multiple scattering. The result of 
this comparison revealed the experimental mean 
angle of scattering to be slightly less than 
one-half the theoretical mean angle. In the light 
of this discrepancy further measurements have 
been made upon foils of different thickness and 
atomic number. The results to be discussed in 
this paper supersede the preliminary values 
previously published.* 


THE EXPERIMENTAL MATERIAL 


Approximately 52,000 cloud-chamber pictures 
were examined, 17,000 of these being selected 
from those taken during the gamma-ray meas- 
urements on B+H! made in this laboratory,‘ 
and the remainder from the gamma-ray measure- 
ments on Li+H!.° In these gamma-ray measure- 
ments thin scatterers were placed in the center 
of the chamber and the recoil electrons and pairs 
produced by the gamma-rays were measured. 
Large numbers of recoils and pairs originating 
in the chamber walls and surroundings were 
found which traversed the foil, and thus supplied 
material for the study of scattering. 


1W. A. Fowler, Phys. Rev. 54, 773 (1938). 
= _— Proc. Roy. Soc. A169, 531 (1939). 


(1939). 
uss” Gaerttner and Lauritsen, Phys. Rev. 53, 628 
aspen. Fowler and Lauritsen, Phys. Rev. 51, 391 


. Sheppard and W. A. Fowler, Phys. Rev. 56, 849 
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Measurements were made on the scattering 
in four different foils. The thickness and super- 
ficial density of these and the original foil are 
included in Table I. The carbon employed was 
Acheson graphite. In the cloud-chamber photo- 
graphs taken with the thicker lead foil there 
were two groups of pictures. In the first group 
the scatterer had been made somewhat smaller 
than the light beam which illuminated the 
chamber. For this reason an appreciable fraction 
of tracks missed the scatterer, were nevertheless 
photographed and produced deviations in the 
experimental results requiring correction. This 
group was used only in the study of single 
scattering where the results were not subject to 
any correction from this cause. In all the other 
sets of photographs, this difficulty did not arise. 


THE THEORY OF MULTIPLE SCATTERING 


The theory of multiple scattering has been 
given by Williams? and others. Williams con- 
siders the projection of the angle of scattering 
on a plane in order to facilitate comparison of 
the theoretical calculations with the results of 
cloud-chamber measurements. The distribution 
(Fig. 1) of this projected angle a is Gaussian in 
the multiple scattering region with an abrupt 
transition at a critical angle a», to a single 
scattering tail. The Gaussian portion is given by 
the expression 


Prm(a)da=(2/mam) exp [—(a/am)*/m |da, (1) 


where a» is the arithmetic mean angle of the 
Gaussian part of the curve. The distribution in 
(1) is obtained by superimposing the small angle 
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single scattering upon a Gaussian distribution 
which is purely multiple scattering. To a good 
approximation the total scattering curve remains 
Gaussian out to the tail. The Gaussian distribu- 
tion due to multiple scattering alone has an 
arithmetic mean angle &, given by 


&= d(log. M)}, (2) 
where 4 is a natural scattering unit angle given by 


5 =2(Nt)'Zro/BPE=2(Nt)'Zro(moc?/W) 
=12.7(c/A)'Z/W degrees (3) 


and M is a dimensionless quantity giving the 
mean number of collisions which occur in the 
multiple scattering process. It is expressible as 


M = 2nZ*!*® Nth? /1.75°m?B?c? = 1850Z4!8a/A, (4) 


where N=number of atoms of scatterer per cc, 
t=thickness of scatterer, 
o=superficial density in grams/cm*, 
Z=atomic number of scatterer, 
A=atomic weight, 
ro=e?/myc? =classical electron radius, 
Bc=velocity of electrons, 


f= (1— 6"), 
W=kinetic plus mass energy of electrons 
(Mev). 


The arithmetic mean 4 of the entire distribution 
including the tail is 


&=0.808,+ 1.456. (5) 


Williams also defines the quantity ¢2 as the angle 
of intersection of the multiple scattering curve 
whose mean angle is &, and the single scattering 
tail and finds it to be given by 


g2=5.14,— 4.06. (6) 
The angle a» described above is then found to be 
Om = (&— 16/2) (1— 1/292"). (7) 
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Fic. 1. Theoretical distribution of scattering according 
to Williams. The curve for purely multiple scattering js 
Gaussian with an arithmetic mean angle &. It intersects 
the single scattering curve at ¢2. The total scattering curve 
is nearly Gaussian merging at ¢2 into a single-scattering 
tail, taken as the sum of the two dashed curves beyond 
this point. a» is the arithmetic mean angle of the Gaussian 
part of the solid curve. If continued beyond ¢- it intersects 
the single scattering at ams. Single scattering is exaggerated 
for the sake of clarity. 


' Formulas (5), (6) and (7) have been taken 
from a paper by Williams to be _ published 
shortly, and are slightly more accurate for the 
scatterers used in these experiments than those 
in the previous paper. In Table I we have given 
the numerical values in units of 6 of the above 
angles for the scatterers used in these experi- 
ments. The unit angle 6 is given in degrees and 
is calculated using an effective value of Z 
corrected for the scattering due to extranuclear 
electrons, viz., Zers=(Z?+Z)*. The value of W 
used in these calculations was arrived at by 
calculating the mean of 1/W for the energy 
spectrum of the electrons and positrons meas- 
ured. This gave (1/W) = 1/21moc* almost exactly 
for the data used for all scatterers. We have also 
included the values of M for each foil. Although 
the ‘‘experimental” values for M are somewhat 
less than those tabulated it is nevertheless clear 
that since M>1 the great bulk of the scattering 
observed in these experiments is multiple. 


TaBLeE I. Numerical values of theoretical scattering angles for 10-Mev particles. Thickness t in cm, superficial density o ing 
cm~*, unit scattering angle 5 in degrees, the last five quantities in units 5, M dimensionless. 











MATERIAL t e 6 M a a ¢2 am in 
Pb . 0.015 0.170 2.80 539 2.51 3.46 8.80 3.17 3.28 
Pb 0.038 0.431 4.47 1365 2.68 3.60 9.68 3.33 3.42 
Al 0.118 0.319 1.74 666 2.56 3.50 9.08 Sat 3.35 
C 0.381 0.605 1.73 1017 2.63 3.56 9.41 3.28 3.42 
Cc 0.132 0.210 1.01 352 2.42 3.39 8.35 3.08 3.28 
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SCATTERER 





Fic. 2. Geometrical arrangement of the scattering ex- 
periment. a is the projection of the angle of scattering @ 
upon the plane of the cloud chamber. y is the vertical 
component of the scattering. 


In Fig. 2 the geometry of the experiment is 
shown. The chamber is illuminated by a hori- 
zontal light beam. All tracks within the light 
beam are seen, disappearing when they go out 
of the illuminated portion of the chamber. 
Setting an arbitrary limit on the length of any 
track after leaving the scatterer imposes a limit 
on the vertical angle of scattering, y. In most of 
the work here reported this limit is 3 cm so 
that since the light beam was 1.6 cm deep we 
have —15°=y=15°. This limitation does not 
affect the multiple scattering which is inde- 
pendent of the vertical angle, but changes the 
observed distribution of the single scattering 
tail. According to Williams? this altered distribu- 
tion is 

P,(a)da = (2x/ma*)(8+} sin 28), (8) 


where x= 78? is the single scattering coefficient, 
tan B=y./a=15°/a, and y is the upward or 
downward limit imposed on the vertical angle in 
the experiment. 

It is necessary to make this correction in all 
calculations involving the single scattering in- 
cluding computations of &. This has been done 
for the theoretical calculations given in Table I. 
The corrected & Williams denotes by Gin. 


MEASUREMENT OF THE SCATTERING 


The measurements were made in the same 
manner as described by Fowler and Oppen- 
heimer.* From the data recorded we were able to 
compute the incident and emergent energy of 
the scattered electron or positron, the angle of 
scattering in the plane of the cloud chamber, 


11938) ‘A. Fowler and J. Oppenheimer, Phys. Rev. 54, 320 
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and the straight line length of path in the 
scatterer. 

In the measurements some of the tracks 
appearing on the photographs were rejected for 
the following reasons: (a) primary track too 
short for accurate energy measurement. (b) track 
not clear near the scatterer. (c) track visibly 
distorted in the gas of the chamber. (d) tracks 
offset at the scatterer more than two millimeters. 
(e) old tracks too diffuse to permit accurate 
measurement. 

In the measurements on lead all the tracks 
not rejected were measured irrespective of the 
length of the emergent track. Since little use was 
later made of those with a scattered length less 
than 3 cm these tracks were not measured in 
the measurements on carbon and aluminum. 
The later measurements on lead and those on 
carbon and aluminum contained a record of the 
direction of scattering with respect to the tangent 
to the incident track. As should be expected the 
record gave approximately as many on one side 
as on the other. 

It is difficult to estimate the experimental 
error but we have endeavored to do so by using 
a few tracks accidentally measured twice and 
some material measured by two different ob- 
servers. We estimate our mean error in the 
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Fic. 3. Comparison of theory and experiment for Pb 
0.038 cm thick. Squares represent all tracks with vertical 
angle of scattering between +15 degrees. Vertical lines 
represent tracks of this group with vertical angle between 
+7.5 degrees. 
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A energy with a maximum at a little over 10 Mev. of 
oO In comparing the theoretical calculations with In 
100 200 , . : . 
we IN MEV the scattering of particles having such a con- give 
- dEG. tinuous distribution in energy it is profitable Tap 
Fic. 5. Comparison of theory and experiment for to rewrite (1) as follows: 
C 0.132 cm thick. ‘es 
P»(Wa)d(Wa) 
measurement of the scattering angle not to =(2/tWam) exp [—(Wa/Wam)?/x]d(Wa). (9) a 
° ° 2 
exceed 1° and in the measurement of energy, Jp this form the distribution in Wa is theoreti- “Ss 
1 Mev. cally independent of the total energy W since to 
. . ™ . . l rtional ; 
COMPARISON OF THEORY AND EXPERIMENT — SEE O, Sy Py : 
The electrons and positrons measured in these The experimental distributions in Wa for the ) 
experiments had a rather broad distribution in various foils are shown in Figs. 3, 4, 5, 6 and 7. — 
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In calculating Wa for any given track we have 
used for W the mean of the incident and emergent 
energy of the track. We have chosen to compare 
the theoretical and experimental values both for 
(Wa)w and (Wa)m (see Table II) because (Wa). 
is the easily computed mean of the entire 
distribution in Wa and (Wa)m is directly pro- 
portional to the observed width of the Gaussian 
portion of the total scattering. Theoretically 
these quantities are equal, respectively, to Wain 
and Wam since both &;, and a» are to a very good 
approximation inversely proportional to W. 
Within the statistical fluctuations this is also 
found to be true experimentally as will be more 
fully discussed later. 

The “corrected” experimental values given in 
Table II have been found by computing the 
square root of the difference of the squares of 
the observed values and the estimated mean 
error of measurement of Wa. In this mean error 
the error in the measurement of W cancels out 
approximately since as Professor Williams points 
out, the error in W is less than the mean W. 
Thus AWa=WaAa which we estimate to be at 
most equal to 10 Mev-degrees. 

For the thickness of the scatterer used in 
computing Wa;, and Wa,, theoretically, a value 
was obtained by multiplying the measured 
thickness by the mean of the secants of the angle 
of incidence of the tracks, this being found by 
computation from a group of 100 tracks. It was 
found to be 1.155. It is this corrected and a 
similarly corrected superficial density which are 
used throughout this report. No correction was 
made for the additional scattering path due to 
the scattering as for average angles of scattering 
of approximately 5° to 10° this is quite small. 


TEsTs OF THE MULTIPLE SCATTERING 


(1) Stereoscopic measurements 


Although practically all of the measurements 
were made on only one of the pair of stereoscopic 
cloud-chamber pictures available it was felt wise 
to make a stereoscopic check to insure that in no 
way could tracks get around the scatterer and 
thus decrease the mean Wa. For this reason 
95 tracks taken from the 0.038-cm Pb group were 
remeasured in a stereoscopic projector. In this 
measurement only those tracks were taken which 
traversed the scatterer within }” of its center. 
For these tracks (Wa)m was found to be 99 
Mev-deg. as compared with 102 Mev-degrees 
for all tracks measured. 


(2) The vertical angle of scattering 


For the small angles of scattering found 
experimentally it is approximately true that 
#=a'?+y where 6 is the angle of scattering, a is 
its projection on the horizontal plane and y on 
the vertical plane. Then since e~”’ = e~“e-"’, it is 
a fundamental requirement of multiple scattering 
that the form of the distribution with projected 
scattering angle a be independent of the limits 
placed on the vertical angle of scattering y by 
the geometry of the scattering experiment. In 
the measurements on the scattering in the 0.038- 
cm Pb foil we have determined the distribution 
in We for all tracks with emergent length over 
6 cm (W:=+7.5°) and over 3 cm (W;=+15°). 
Both distributions properly. normalized are 
shown in Fig. 3. Since the mean angle of scatter- 
ing is 12° the distributions pertain, respectively, 
to 38 percent and 68 percent of the total number 
of scatterings and their agreement over the range 
in Wa below 200 Mev-degrees is further evidence 














Mev. . 
with In any case it will increase the theoretical values that the observed scattering is essentially 
con- given. multiple. 
itable TaBLE II. Comparison of theory and experiment. All values in Mev-degrees. Corrected experimental values represent correc- 
tion for the broadening of the Gaussian curve due to an error of measurement estimated to be 10 Mev-degrees. 
EXPERIMENTAL CORRECTED Exp. THEORETICAL RATIO OF Exp. To THEO. 
(9) t NUMBER 
MATERIAL IN OF 
- Mt TRACKS (Wa)m (Wa) ay (Wa)m  (Wa)ay Way, Wai, (Wa), (Waday 
ice to Pb 0.015 362 48.0 55.0 47 54 95 98 0.50 0.55 
ional Pb 0.038 597 107.0 117.0 106 117 160 164 0. 0.71 
Al 0.118 441 51.4 56.6 50 56 60 62 0.83 0.90 
C 0.381 252 61.1 71.6 60 71 61 63 0.98 1.13 
r the C 0.132 400 39.4 41.4 38 40 33 35 1.15 1.14 




















nd 7. — 

















278 C. W. SHEPPARD AND W. A. FOWLER 


(3) Energy and sign of charge of the scattered 
particles 


It has been previously emphasized that (Wa)m 
should be independent of the energy W. In 
Table III (Wa) is given for two energy ranges 
of the observed particles. For several scatterers 
(Wa)m appears to increase definitely with energy 
but in no case is the difference large compared 
to the expected statistical fluctuations. 

Since the multiple scattering is due principally 
to small angle single scattering which obeys the 
relativistic modification of Rutherford’s classical 
scattering formula, it should be independent of 
the sign of the charge of the scattered particle. 
We have also given in Table III (Wa) for both 
positrons and electrons. Again, the differences 
do not exceed the expected fluctuations. 


SINGLE SCATTERING 


Unfortunately there are too few tracks in the 
single scattering region to make a satisfactory 
treatment of the subject possible. An approxi- 
mate idea, however, could be had in the case of 
the scattering in the 0.038-cm lead foil. To do 
this we made use of the group of pictures in 
which the scatterer was smaller than the light 
beam. These were not used in the figures given 
for the multiple scattering. The first interval in 
Wa which is increased by a large number of 
apparent zero angle scatterings was adjusted to 
fit a Gaussian curve, and when combined with 
the other material gave 1590 tracks. The distri- 
bution in the tail is shown in Fig. 8. For purposes 
of comparison the Rutherford single scattering 
curve has been shown as line B. The curve C 
represents a smooth joining of this scattering to 
the observed multiple scattering A. We can 


TABLE III. (Wa)m for two energy ranges and for positrons 
and electrons. Values are corrected for broadening due to 
estimated error in angle measurement of 1°. All values in 
Mev-degrees. 








ENERGY RANGE 
t 

IN 

MATERIAL cM 





0-11 Mev 11-20 Mev | Positrons ELECTRONS 





Pb 0.015 43 44 

Pb 0.038 96 114 114 103 
Al 0.118 37 38 36 40 
Cc 0.132 46 56 47 52 
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Fic. 8. Single-scattering tail for Pb 0.038 cm thick. 
A is the Gaussian portion of the total scattering curve, 
B is the theoretical single-scattering curve. An empirically 
selected cut-off at 375 Mev-degrees and addition to curve 
A gives tail C. 


only conclude that in order of magnitude the 
single scattering is not far wrong. 


THE FORMATION OF HIGH ENERGY SEconp- 
ARIES AND PAIRS 


Although the scattering measurements on 
0.038 cm lead were nonstereoscopic, a special 
examination of this material was also made 
stereoscopically in a search for high energy 
secondaries and pairs. We observed 1887 tra- 
versals of the lead foil. In six cases secondaries 
were observed which close examination of the 
pictures proved to be authentic and to satisfy 
the conservation of energy. In none of these was 
momentum conserved. This is to be expected 
since the number of scatterings after the original 
secondary production is not small. The total 
cross section is of the order of 5X10-* cm’. 
This is not in serious disagreement with the 
theoretical cross section 10-** cm? given by 
o~2nre?Z/W, where W, is the minimum ob- 
servable energy for secondaries. 

Three cases were found which at first glance 
seemed to indicate the production of secondary 
pairs. In one the positron appeared alone. 
Careful examination of this showed that the 
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track did not really intersect the primary track. 
In the other two cases energy was not conserved, 
and the energy of the pairs was close to 17 Mev 
which was the energy of the gamma-rays used 
to produce the recoil electrons. These cases were 
taken to be pairs produced by gamma-rays with 
their origin accidentally coincident with the 
point of traversal of an electron. The null results 
are in agreement with the low theoretical cross 
section for the process. 


CONCLUSIONS 


An inspection of Table II indicates that the 
marked discrepancy originally found between 
the experimental and theoretical scattering in 
lead has been confirmed but that a similar 
discrepancy has not been found in aluminum 
and carbon scatterers. The scattering in carbon 
shows a satisfactory agreement with theory. 
Although the scattering in the thinner carbon 
absorber is somewhat higher than theory per- 
mits, it is to be recalled that all of the experi- 
mental factors tend to increase the measured 
mean angle of scattering and for this reason 
we do not believe the discrepancy to be serious. 
For the same reason, however, it must be pointed 
out that the scattering in aluminum is definitely 
less than predicted by theory even though the 
deviation from theory is not nearly so great as 
in the case of lead. 

Our new measurements on the scattering in 
lead, employing a thicker lead foil, indicate a 
definite deviation from the theoretical predic- 
tions. Although the deviation is somewhat 
smaller than for the original lead foil we hesitate 
to ascribe too much importance to this point as 
the measurements were made by two different 
observers. 

Because of the discrepancy in the case of the 
scattering in lead we have endeavored to test the 
dependence of this scattering on various factors 
at our disposal. We have shown the mean angle 
of scattering to be independent to a good 
approximation of the vertical position of the 
incident track in the chamber, of the vertical 
angle of scattering and of the energy and sign of 
charge of the scattered particle. All of these 
findings as well as the Gaussian form of the 


.improve and extend Williams’ 


scattering curves are readily accounted for by 
the multiple scattering theory and only in regard 
to the numerical value of the mean scattering 
does the theory break down. 

Noted added in proof.—The recent work of 
Crane’ and his collaborators at Ann Arbor can 
be compared with the results presented here. 
For electrons ranging in energy from 2 to 8 Mev 
they find the experimental scattering to be 0.86 
of the theoretical in carbon and 0.65 in lead. 
For electrons of 0.9 Mev energy scattered in 
aluminum they find the most probable scattering 
angle to be only 0.75 of the theoretical value 
calculated by Bethe, Rose, and Smith.* For very 
thin aluminum, however, their observed mean 
scattering is 0.90 of the value given by Williams’ 
theory. These results are to be compared with 
our average ratios for the experimental to the 
theoretical scattering of 1.13 for carbon, 0.90 
for aluminum, and 0.63 for lead (see last column 
of Table II). Only in the case of the scattering 
in lead are the experimental results here and at 
Ann Arbor in sufficient agreement and in 
sufficient deviation from theory to warrant the 
assertion that Williams’ theoretical calculations 
are in definite disagreement with the observed 
scattering. 

Two attempts have been made recently to 
calculations. 
Wheeler® has investigated the high order inter- 
ference effects of the microcrystalline structure 
of the scattering material while Goudsmit and 
Saunderson’® have proposed a new method of 
calculating the multiple scattering and have 
critically examined the effects of screening and 
of various approximations in Williams’ theory. 
Both investigators report smaller theoretical 
values for the scattering in lead and it can be 
concluded that modifications of the existing 
theoretical calculations can still be made without 
necessitating a radical revision of our present 


7 Oleson, Chao, Halpern and Crane, Phys. Rev. 56, 482, 
1171 (1939); M. M. Slawsky and H. R. Crane, Phys. 
Rev. 56, 1203 (1939). 

a esa Rose, and Smith, Proc. Am. Phil. Soc. 78, 573 

* J. A. Wheeler, Phys. Rev. 57, 358 (1940). 

10S. Goudsmit and J. L. Saunderson, Phys. Rev. 56, 
122 (1939); 57, 24, 73 (1940). See also A. E. Ruark, 
Phys. Rev. 57, 62 (1940). 











concepts of the interaction between electrons 
and nuclei in the elementary scattering process. 
In addition, we wish to emphasize that the 
theoretical predictions for secondary production, 
a process intimately connected with scattering, 
have been found to be in satisfactory accord 
with experiment. . 
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Scattering and Polarization of Electrons 


M. E. Rose* 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 


(Received December 6, 1939) 


The possibility of accounting for the small polarization 
of electrons, as observed in the double scattering experi- 
ments and the anomalously small scattering of fast 
electrons (E500 kev) in heavy scattering materials, by 
the assumption of non-Coulombian forces near the nucleus 
is investigated. It is assumed that the range of the anoma- 
lous forces is of the order of the nuclear (or electron) 
radius so that for all energies of interest (E~2 Mev), the 
range is much smaller than the wave-length of the elec- 
trons. Consequently, the scattering of only s; and p, 
electrons need be considered. Without any further assump- 
tions as to the nature of the forces it is found that the 
phase shifts due to the deviation from the pure Coulomb 
field are too small to account for the observed scattering 
and asymmetry (relative difference between scattering at 
azimuth 0 and x in double scattering) unless the inside 
wave functions at the boundary are nearly equal to the 
irregular part of the outside wave functions. In general 
this can be the case for either the sy or the p; wave function 
so that either the sy or the ~; waves are scattered anoma- 
lously with appreciable phase shifts, but not both. The 
results for the scattering and asymmetry, at 90° in Au, 
when only one wave is scattered are: For the scattering 
of sy waves the asymmetry has a minimum value which 
for low energies, 100 to 300 kev, is 5 to 6 times greater 
than the observations allow; at higher energies, 500 to 
1500 kev the scattering intensity has a minimum value 
of 25 to 40 percent of the Coulomb scattering which is 
somewhat larger than the observed ratio but is perhaps 


INTRODUCTION 


T has been shown by Mott! on the basis of 
the relativistic wave equation of Dirac that 

an initially unpolarized beam of electrons be- 
comes polarized after a large angle scattering by 


* Sterling Fellow. 
1N. F. Mott, Proc. Roy. Soc. A135, 429 (1932). 





not beyond the limits of experimental error. The asym- 
metry corresponding to this minimum scattering is about 
the same as the asymmetry for the Coulomb field, pig, 
about 5 percent at these energies. Without any measure- 
ments at high energies it is difficult to exclude the possi- 
bility that the asymmetry may be as large as this. When 
only ,; waves are scattered anomalously the correct 
asymmetry and scattering may be obtained at low energies, 
At high energies the minimum scattering is 70 to 80 percent 
of the Coulomb scattering which seems much too large. 


Therefore in order.to obtain an asymmetry and scattering : 


which are not in obvious disagreement with the observa- 
tions it is necessary to assume either a large range or a 
specialized form for the non-Coulombian forces. The 
specialized form must be such that either of the following 
may take place: (1) At low energies only the #4 wave is 
scattered and at high energies only the sy wave is scattered. 
(2) Both waves are scattered at all energies despite the 
small range of the forces. In the first case it seems necessary 
to postulate an interaction which has a rather strong 
energy dependence in the energy region where the scatter- 
ing begins to depart from the Coulombian value. In the 
second case it is seen that the interaction must be very 
large, several times 137mc*, and in addition a rather special 
energy dependence would seem necessary. Insofar as these 
possibilities do not seem plausible it would appear that 
the anomalous scattering and asymmetry must be ex- 
plained on grounds other than the existence of non- 
Coulombian forces. 


a heavy nucleus. Moreover, according to the 
theory the polarization should effect an asym- 
metry about the azimuth if the beam is scattered 
a second time from a similarly heavy scattering 
material through a similarly large scattering 
angle. It is supposed that the effect be observed 
under conditions insuring single scattering. 
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The intensity of the doubly scattered beam 
will, for any scattering field, be proportional to 
1+8 cos ¢ where ¢ is the azimuthal angle, 
(angle between the two scattering planes). The 
quantity 6* depends on the electron energy and, 
of course, on the scattering field. The maximum 
effect, relative difference between scattering at 
y=0 and g=7, is then 26? which quantity is 
referred to as the asymmetry of the doubly 
scattered beam. For scattering in Au and with 
the assumption of a pure Coulomb field and for 
both scattering angles equal to 90°, Mott’s 
calculations show an asymmetry which reaches 
a rather flat maximum of 16 percent at 140 kv 
energy. With these scattering angles and at 
energies for which 13 to 16 percent asymmetry 
would be expected the experiments show that 
within the experimental error of one percent 
there is no asymmetry in the scattering in Au.? 

For the scattering angles in question a devia- 
tion from a pure Coulomb field due to screening 
by the atomic electrons can hardly be expected 
to be effective. This is in fact shown by the work 
of Sauter.* An attempt to explain the discrepancy 
as due to the depolarizing action of (1) multiple 
scattering, (2) inelastic scattering with spin 
change of the incident electron and/or (3) ex- 
change scattering in which the exchanged elec- 
trons have opposite spins gave entirely negative 
results.4 Of these three effects the first is the most 
important and with the largest foil thickness 
used in the experiments a reduction of the 
asymmetry by at most 2 percent of the Mott 
value can be expected. Since all other known 
perturbations which may act in the scattering 


?E. G. Dymond, Proc. Roy. Soc. A136, 638 (1932); 
Al45, 657 (1934). For further references and a critical 
survey of the experimental work see H. Richter, Ann. d. 
Physik 28, 533 (1937). Recently K. Kikuchi, Proc. Phys- 
Math. Soc. of Japan 12, 524 (1939) has observed an 
asymmetry in Au at 75 kev which is in apparent agreement 
with the theoretical value of 10 percent. Actually, this 
experiment, if correct, would indicate an asymmetry much 
larger than theory predicts because with the thick (2x 107? 

‘ targets used the multiple scattering will result in a 
large depolarization—about 80 percent (cf. reference 4 
below). However, while no information was given as to 
precautions taken against stray electrons, x-rays, etc., it is 
almost certain that the instrumental asymmetry was not 
properly taken into account. As Dymond (cf. above) has 
shown, the instrumental asymmetry due to nonideal 
geometry can easily be as large as the theoretical asym- 
metry so that the whole of the Kikuchi effect might be 
accounted for in this way. 

*F. Sauter, Ann. d. Physik 18, 61 (1933). 

*M. E. Rose and H. A. Bethe, Phys. Rev. 55, 277 (1939). 
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process are very small compared to the Coulomb 
field it does not seem fruitful to look in this 
direction for an appreciable modification of the 
theoretical results. | 

In addition to an anomalous polarization and 
asymmetry, the measurements of the elastic 
scattering of fast electrons by heavy and medium 
heavy nuclei also show abnormal effects for the 
absolute intensity. Up to energies of about 200 
kev there is evidence that the scattering in both 
heavy and light elements is in accord with the 
expectations based on a pure Coulomb field.® For 
heavy scatterers, in which we are mainly inter- 
ested, measurements by Dymond? of the 90° 
scattering in Au show agreement within a few 
percent with the theoretical value for energies 
up to 160 kev. The energy region in which the 
scattering is at least approximately Coulombian 
no doubt extends to somewhat higher energies 
(say 300 to 400 kev) as is suggested by the 
measurements of Chadwick and Mercier.* How- 
ever, present evidence is that the scattering is 
sharply reduced for energies greater than about 
500 kev and for scatterers at least as light as Kr. 
Thus Klarman and Bothe’ have observed only 
one-fifth the Mott scattering in Kr and Xe for 
B-particles of energies between 500 kev and 2.5 
Mev scattered at angles greater than 40°. The 
scattering of 400-kev—1-Mev §-particles in Hg 
according to Barber and Champion® is only about 
one-sixth the Mott scattering, the factor varying 
only slightly for different scattering angles. In 
rough agreement with the results of Klarman and 
Bothe for the scattering in Xe, Barber and 
Champion® have recently reported an anomalous 
scattering of 700-kev—1.2-Mev §-particles in I 
which they found to be about 40 percent of the 
Mott scattering.’® ™ 


5 We exclude from our consideration small angle scat- 
tering where screening or multiple scattering may become 
of importance. 

— and P. H. Mercier, Phil. Mag. 50, 208 
1936) Klarman and W. Bothe, Zeits. f. Physik 101, 489 

* A. Barber and F. C. Champion, Proc. Roy. Soc. A168, 
159 (1938). 
(1939) C. Champion and A. Barber, Phys. Rev. 55, 111 

©The Mott scattering with which these authors have 
compared their results is the Rutherford scattering with 
relativistic corrections but with only first-order corrections 
in the fine structure constant (times atomic number) taken 
into account. However, the difference between this and 
the rigorous expression (see reference 1 and J. H. Bartlett 
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The existence of these two anomalies, small 
asymmetry and diminished scattering at high 
energies, has led to some speculation in regard to 
a possible failure of the Dirac theory. Such an 
eventuality does not seem plausible in the energy 
region under consideration and in the present 
paper an appeal will be made to a breakdown of 
the Coulomb field at small distances as a more 
plausible source of the difficulties. It is essential 
to note that the asymmetry and the scattering 
are not independent of each other but both de- 
pend on the same pair of scattering amplitudes 
(see next section). Thus, while it is evident that 
it is possible to introduce a deviation from the 
Coulomb field which will result in a small polar- 
ization and asymmetry of the twice-scattered 
beam,” it is not at all evident that the same non- 
Coulombian forces will account for the observed 
scattering as well. It is obvious that in general 
such will not be the case. Our purpose here is 
therefore to determine whether there exists a 
non-Coulombian interaction at small distances 
which is consistent with both small asymmetry 
and diminished scattering at large energies. 


SCATTERING AND POLARIZATION 


In the following no assumptions will be made 
other than the existence of a non-Coulombian 
field of short range. Beyond a distance of the 
order of the electron (or nuclear) radius the field 





v3~ei*e+ f(deterte log 2k) /kr, 





ROSE 


is to be pure Coulombian. Before we investigate 
the scattering and polarization in such a field jt 
will first be necessary to recapitulate some of the 
formalism developed by Mott' in the form 
applicable to scattering in fields which are 
Coulombian at large distances. 


General formalism 


The elastic scattering of electrons incident 
along the z axis with wave number k and scattered 
in the direction #, g by a force field which is Coy. 
lombian at large distances may be described by 
the asymptotic form of the third and fourth 
components of the Dirac wave function: 


YP ~ pret**+ S,etrte log 2kr) /kr, 


a=e’Z/hv, v=3,4. (1) 


Here p, are the components of the amplitude of — 


the Dirac plane wave. In particular 
ps=A, ps=B, (2) 
where A and B are constants related to the 
direction of the spin axis of the incident electrons 
and subject to the normalization condition 
|A|?+|B|?=1. (3) 


The general solution of the scattering problem 
may be obtained by a superposition of the two 
waves corresponding to A=1, B=0 and A=0, 
B=1. Mott has shown that in these two cases 
the asymptotic forms of ¥3 and y, are given by 


(4a) 


Va~g(d)eteet (rte log 2kr) /py, 


for A=1, B=0 and 


Y3~ —g(d)e*ret(Arte log 2kr) /Rr, 


(4b) 


parwet*?+t f(detrte log 2kr) /Rr, 


for A=0, B=1. It is essential to note that the scattering amplitudes f and g, depending on # alone, 


are the same functions in both cases. 














and R. E. Watson, Phys. Rev. 56, 612 (1939)), is of no great importance in view of the magnitude of the experi- 
mental error involved in the measurements. 


11 In contrast to the results described above Stepanowa, Physik. Zeits. Sowjetunion 12, 550 (1937) finds the scattering | 


of 200-kev—1.1-Mev §-particles in N to be 1.5 times the expected scattering and for 1.5-3 Mev 30 times the 
theoretical scattering. These results are in contradiction with the measurements of Champion, Proc. Roy. Soc. A153, 
353 (1936) who found the scattering of 400-kev—1.1-Mev £-particles in N to be normal. Although this discrepancy has 
not been resolved and further measurements are desirable, we shall proceed on the assumption that the scattering 
should be in accord with the results of Champion et al. 

12 1t has been shown by O. Halpern and J. Schwinger, Phys. Rev. 48, 109 (1935) that the asymmetry can be made 
small by assuming a repulsion at a distance of the order of the nuclear radius. In a qualitative way this may be under- 
stood as an interference effect in which the polarization arising from the spin-orbit interaction in the scattering field at 
large distances is canceled by the contribution of that arising from small distances. The result of Halpern and Schwinger 
was based on the use of the Born approximation which is admittedly a poor one for the polarization. For example, for 
the Coulomb field the Born approximation underestimates the asymmetry by a factor of 6 or so, cf. F. Sauter, reference 3. 
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Then the scattering cross section per unit solid angle is 


b=1/k?=(|f!?+|g|?)/k*, (5) 
and the asymmetry is given by 


26° = 2[1(fg* — f*g) P/I*. (6) 


Since we wish to find the scattering amplitudes f and g it is sufficient to consider the case A = 1, 
B=0 so that we need consider only the asymptotic forms (4a). It has been shown by Mott that the 
wave functions with the correct asymptotic behavior are 


¥s=iD [+1 eG, lei G_p 4 (—)!P, 
0 


vi=t>[—e'G,+e%-'-:G_,_, ](—)' Pie’, 
0 
P,'=sin 8(d/d cos 8)P). 


Here G, and G_:_; are the radial functions of the third and fourth Dirac components for j7=/+4 
and j=/—}, respectively. These are chosen to have the asymptotic form at large r: 


G,.~(kr)— cos (kr+a log 2kr-+n.), (8) 
where for the Coulomb field the phase 7, is given by 
— K+1+1b T(y.—ia) 





e2in = gti (9) 
v¥etta V(y.+1a) 
v<=((x+1)?—a@?Z?), b=a(1—v*/c*)!, (9a) 
‘and we have introduced 
k=l for j=l+3, 1>0, (9b) 


=-l-1 for j=l-}, /21. 


Thus x=0 and —2 for the s, and p,; waves, respectively. 
From (7) and (8) the asymptotic form of 3; and ¥, may be found.and a comparison with (4a) 
gives the amplitudes f and g. 


Phase shifts in the non-Coulombian field 


We now consider that the scattering field is Coulombian only for distances larger than some radius 
ro and inside ro has some other behavior which need not be specified. The only restriction we shall 
impose on the deviation from the Coulomb field is that the range 7» shall be much smaller than all 
wave-lengths in which we shall be interested. For a range of order of the nuclear radius this condition 
will be well fulfilled for even the most energetic particles used in the scattering experiments (wave- 
length ~h/mc). It then follows that the only waves which are appreciably perturbed by the anoma- 
lous potential are the s; and p, waves both of which have the same total angular momentum, j=}. 
Moreover, since we shall be interested only in scattering angles of 7/2, only the even terms in ws; 
and the odd terms in y, (cf. 7) will enter. Therefore in ¥3 only Go will change (to Go’) and in y¥, only 
G_: (to G_s’). In order that the wave functions have the proper asymptotic form (only outgoing 
spherical waves), we must have at large distances 


Go'~ (kr) —'e**' cos (kr+a log 2kr+no+m’), 
G_2! ~ (kr)—'e*"-2' cos (kr+a log 2kr+ n_2+ n-2’), 


(10) 


where 9’ and n_2’ are the phase shifts introduced by the departure from the pure Coulomb field. 
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The scattering amplitudes may then be determined in terms of the phase shifts and we find for the 
asymptotic behavior of the wave functions 3 and y¥, the form (4a) with f replaced by f’= f+, 
and g replaced by g’=g+¢, where the additional amplitudes ¢,; and ¢, are given by 


—2 
e7 ir, = é 


1 4iko i+its 


We may now establish the connection between the phase shifts and the force field by the smooth 
joining of the radial wave functions inside and outside r = 79. Outside ro where the field is Coulombian, 
the wave function is a linear combination of the regular and irregular solutions for the Coulomb field. 
We write 








oy; e?in-2  £,=—tan n,’. (11) 


Gi =(¢.U.+,U,)/kr. (12) 


The regular and irregular solutions times kr are denoted by U, and U,, respectively. For the asymp- 
totic behavior we choose U, and U, so that at large distances 


U,.~cos (kr+a log 2kr+n,), 


U,.~sin (kr+a log 2kr+n,), (13) 
and in order to obtain agreement with (10) 
c.=e'™' cosn,’, €=—e™ sin ny’, bc/Cc= x. (14) 


We denote kr times the radial functions inside ro by u,. In the following we shall refer to the func- 
tions u, simply as the inside wave functions. Aside from the regularity requirement at the origin so 
that the integrability condition may be fulfilled no restrictions on the inside wave functions need be 
made. Joining the inside and outside wave functions at ro we have 


¢.=ro(d log u,/dr)ro=rold log (U.+&.U.)/dr vo. (15). 


The radial functions U, and U, may be easily found in terms of solutions of the differential equation 
for the confluent hypergeometric function. We find 


U=(kr)4(x+x*), U=—ilkr)(x—-x*), (16) 
where x and x are the regular and irregular solutions of 


d?x/dr?+ (k?+k(2a —1)/r—(7?—4)/r*)x=0. (16a) 
The required solutions are 


x =er2/?2P(y+1+74a) (240 (2y+1))“e™—*/) M_ia_s, (2tkr), 


R= em TA!2QAehnct TO Win, 5, o(— 2ikr), 


(17) 


where M and W are the confluent hypergeometric functions defined e.g., in Whittaker and Watson." 
By virtue of the smallness of the range the arguments of x and % at r=ro are very small and 
the behavior of these functions at the origin may be used. With 


M ~ (2ikr)**4, 





kro, (18) 
W~ (T'(2y)/T'(y—#a))(—2ikr)*! 
we find from (15), (16), (17) and (18) 
tine (9 
yt+S« 


3 E. T. Whittaker and G. N. Watson, Modern Analysis (Cambridge University Press, Third Edition, 1920), Chapter 16. 
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where y= (1—°Z*)! is the same for both values of « (cf. 9a and 9b), and 


_ Usdro) _et*|Ty+ia)|* 
* Ore) T(2y)P(27+1) 


From the result (19) for the phase shifts and from Eq. (11) for the additional scattering amplitudes 
the scattering as well as the asymmetry may be determined in terms of the inside wave functions 
at the boundary r=7» (i.e., in terms of {,). Or more suitably the ¢, or & can be determined by the 
condition of small asymmetry (or scattering diminished at high energies and unchanged at low 
energies) and then the scattering (or asymmetry) can be found from these values of £,. The question 
of the consistency of small asymmetry and diminished scattering is considered in the next section. 


Scattering intensity and asymmetry 
We denote the scattering and asymmetry in the perturbed field by J’ and 28”, respectively, the 
unprimed quantities referring to the Coulomb field. Thus the scattering J’ is defined (cf. 5) in terms 
of the elastic scattering cross section ©’, in the perturbed field, by 
[' =h' = | f’|?+|2"|?, (5a) 


and the asymmetry 26” is defined by the intensity of the doubly scattered beam which is now 
proportional to 1+4’* cos y. The relative difference between scattering at the azimuthal angles 0 
and is (cf. 6) ~ 








(y cot 0,—a)(2kro)?7, e?« = (x+1+72b)/(y+ia). (20) 


25’? = 2[a(f'g’* —f'*g") P/I’. (6a) 


The scattering amplitudes f’ and g’ are expressed in terms of the corresponding Coulombian ampli- 
tudes, f and g, and the additional amplitudes ¢, and ¢, (cf. remarks preceding 11). It then follows that 


I'—I=Al= fos*+ f*o;+260*+28*o,+ los \?*+ Ido|?, (21) 
5'I’ — 51 =1(fo,* — f*o,) —1(gbs* —9*bs) +1(66,* —$5*0,), (22) 


where f and g are defined implicitly in the foregoing and are given explicitly by Mott.! Inserting ¢, 
and ¢, from (11) and denoting the real and imaginary parts of f and g by the subscripts r and i 
we have 

fo 2 
(a; +a2%o) — 


Eo” 1+ §2’ 








4AJ= (a3+ay€_2), (21a) 


where the constants a are 


a, =f, cos 2no+- fi sin 2m, a2=$+f, sin 2%0—f; cos 2n0, 








, (21b) 
a@3= 2, COS 2n_2+ 2; Sin 2n-2, as= —3+ 4, Sin 2n_2—g; COS 2n_2, 
and 
Tu Eo fs 
}(J'6’ — 16) = (B81 +Beto) + (8Bs+Baé_2) 
1+ £5? 1+ &_2” 


fot» 
+ 
(1+ &?)(1+ & 2”) 





[Bs(fo— 2) +Be(1+ fog 2) ], (22a) 


where the constants 6 are 
Bi=gi cos 2o—grsin 2m, Bs=f; cos 2n-2—f,sin 2n-2, Bs=—cos 2(no—7-2), 


(22b) 
Bs=f, sin 2n_2+f, cos 2n_2, 


B2= gi sin 20+ 8, COS 2n0, Be=sin 2(o— 9-2). 






























The Eqs. (21a) and (22a) must be solved in 
terms of a prescribed scattering and asymmetry 
for & and £». The values of & and &» must 
however be consistent with the relations (19) 
for £ in terms of the inside and outside wave 
functions. From (19) we see that in general 
&,.~o, and because of the small range assumed 
for the non-Coulombian forces, o, is very small 
compared to unity for all energies of interest: 

» (kro)?*£0.1 for E<S5.4 Mev. Therefore both é 

and £_, will in general be small of order ¢,~ 10°. 
While small phase shifts (or phase shifts near a 
multiple of 7) would obviously give Coulombian 
scattering at small energies, neither the asym- 
metry (which must be materially reduced at 
least at small energies) nor the scattering at 
higher energies would be in accord with the 
observations. 

In order to avoid this difficulty the phase 
shifts, or better & and £2, must be large (of 
order unity). From (19) it is seen that this 
requires a logarithmic derivative of the inside 
wave function at the boundary differing from 
—v/ro by terms of order ¢,; i.e., 


[<= —y+O(c,). (23) 


In general this can be the case for only one of 
the two waves since the two wave functions are 
not independent. Thus either 


fo=—yvt+Ol(oo), f-2~o-2K1, (23a) 
and only s, waves are scattered appreciably, or 
f2=—y+O(e-2), fo~oo<Kl, (23b) 


and only p; waves are scattered. 

These conditions on the wave functions at the 
boundary simply mean that if one of the phase 
shifts is not small, the irregular part of the 
corresponding outside wave function is much 
larger than the regular part at distances small 
compared to the wave-length. Therefore, in join- 
ing the inside and outside wave functions the 
former is essentially equal to the irregular part 
of the latter. 

We may now investigate the scattering and 
asymmetry in the two cases: scattering of s, 
waves or of p, waves. If, for example, we con- 
sider the scattering of s; waves we have only one 
parameter, £), which may be chosen so as to give 
the desired asymmetry at a particular energy. 
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Then for a given choice of the non-Coulombian 
interaction the energy dependence of £ would be 
fixed by (19). However, it is more satisfactory to 
determine the values of & which will give the 
required asymmetry (or scattering) at each 
energy and then require that the interaction be 
chosen so as to give the energy dependence for 
£) found in this way. Then with the phase shifts 
determined the scattering (or asymmetry) may 
be computed. 

The numerical results given below will pertain 
to scattering at 90° in Au since these are the 
conditions under which most of the double 
scattering experiments have been carried out. 
Since the discrepancies observed in the scattering 
at angles near 90° are fairly typical of most of 
the angular distribution and since the calculated 
scattering is not very sensitive at large angles, 
the conclusions drawn from the results given 
below will apply to the scattering at other large 
angles and for elements of neighboring atomic 
number. For the observed scattering at large 
energies the data obtained by Barber and 
Champion® for Hg will apply. Thus we must 
obtain about 15 percent of the Coulombian 
scattering for energies of the order 500 kev or 
more and at smaller energies the scattering must 
be essentially Coulombian. 

The constants a; and §; occurring in (21a) and 
(22a) were computed from numerical results for 
the Coulomb scattering obtained by Bartlett 
and Watson." The asymmetry, when only one 
wave is scattered, is given by 


21(8’ — 5) = (&0/1+4+ £07) 
X [Bi — 6’a1+ (B2—8’a2) Eo] (22c) 


for the scattering of s; waves and a similar ex- 
pression when only p, waves are scattered. The 
results for the asymmetry and scattering are 
given below. 

Scattering of s, waves.—At low energies, 
E300 kev, it is impossible to obtain an asym- 
metry in agreement with experiment. As may be 
seen from (22c) the asymmetry as a function of 
the phase shift parameter & has a minimum. 
This minimum asymmetry at various energies is 


E(kev) 100 150 300 
2008” 5.64 6.56 3.70 


4 T am indebted to Professor Bartlett for making these 
results available to me before publication. 
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which is 5 to 6 times larger than the maximum 
allowable value. At large energies the phase 
shift parameter was determined so as to give the 
minimum scattering (cf. 21a with ¢.=0). This 
minimum scattering at various energies is 


500 750 1000 1500 


E(kev) 
0.26 0.29 0.34 0.38 


(I'/D) mia 
which is somewhat larger than the observed 
ratios although perhaps acceptable in view of the 
large experimental error involved in the measure- 
ments. The asymmetry which corresponds to 
this scattering is about the same as the asym- 
metry in the pure Coulomb field, viz. about 5 
percent at these energies. While no measurements 
of the asymmetry have been made at these 
large energies, it is somewhat implausible that 
the polarization at large energies should be any 
greater than that at the lower energies. However, 
in the absence of such experimental information 
it seems difficult. to exclude this possibility on 
a priori grounds. 

Scattering of p, waves.—At low energies it is 
possible to obtain the correct scattering and 
asymmetry. For an asymmetry of one percent 
the scattering is 


E(kev) 100 150 300 
I'/I 0.94 0.92 0.87 


which is in satisfactory agreement with the ob- 
servations. However, at large energies the mini- 
mum scattering is-much too large: 


E(kev) 500 750 1000 1500 
(I'/D) min 0.81 0.75 0.72 0.69 


Thus it is seen that at low energies the scatter- 
ing of p, waves and at high energies the scattering 
of s, waves yields results for the asymmetry and 
scattering intensity which are roughly in agree- 
ment with experiment. Therefore an explanation 
of the observations in terms of a deviation from 
the Coulomb field at small distances requires an 
interaction which will make the inside wave 
functions fulfill (23b) at low energies and (23a) 
at high energies. This would imply that the 
logarithmic derivatives (at the boundary) of the 
s,and », wave functions vary rather rapidly in 
some intermediate energy range and are prac- 
tically constant (equal to 0 or —y/ro) at other 
energies. Unless one assumes an interaction with 
a rather special type of energy dependence, this 





behavior of the wave functions is not to be ex- 
pected. Excluding the possibility of a compara- 
tively abrupt switch from s, scattering to p, 
scattering we may conclude that insofar as the 
experiments are correct, it is impossible to ac- 
count for the observed results by assuming a 
small distance interaction which scatters only 
one of the two waves. This conclusion is, of 
course, not surprising since with one parameter 
it is in general rather difficult to account for a 
scattering which varies as rapidly with energy 
as the experiments would seem to indicate and 
at the same time to account for the absence of ° 
polarization as is observed in the double scatter- 
ing experiments. 

Scattering of s, and p, waves.—If the observed 
scattering and asymmetry are to be accounted 
for by a non-Coulombian interaction at small 
distances it seems plausible from the foregoing to 
require that both waves must be scattered with 
appreciable phase shifts. In this section we in- 
vestigate the conditions which must be imposed 
on the interaction in order that both waves be 
scattered. 

The scattering of both waves implies that for 
both s, and p, electrons the condition 


t= —7(1—20./E(E)+0(02)) (24) 


must be fulfilled. In order that the correct 
scattering and asymmetry be obtained the values 
of & and £2, regarded as independent variables, 
must be those obtained from the simultaneous 
solution of (21a) and (22a) for prescribed scatter- 
ing and asymmetry. Thus (24) with the proper 
values of &, constitutes the necessary and suffi- 
cient condition that a small distance interaction 
account for the scattering and asymmetry. While 
it is essential that the small term proportional to 
o, in (24) be accounted for, the first problem to 
be considered is the conditions under which the 
logarithmic derivatives {,/ro can be both equal 
to —v~y/ro within small terms of order o,. In 
addition to (24) it is necessary that the wave 
functions be regular at the origin. This require- 
ment together with the requirement of an ir- 
regular behavior at the boundary implies that in 
the distance ro the wave functions change ap- 
preciably. This means a wave-length comparable 
with 79 and hence an interaction inside ro which 
is much larger than mc’. 
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The condition that the difference {)>—{_2 be small can be expressed in the form 


fo-f2=- | f ‘ard log rV/dr)(uou_2/r v)] / (upt_2/7V)r=r, (25) 
0 


~O(c,)<1, 


wherein we have assumed that the small distance 
interaction V can be represented by an ordinary 
scalar potential which is the same for both s, and 
py electrons. 


A solution of (25) is in general rather difficult. Certain 
simple cases which can be investigated do not conform to 
both (25) and the regularity condition at the origin. 
Thus, (25) may be fulfilled by taking 


d log rV/dr=cap(r) 


where p is any regular function and of order unity for all 
r&£ro while oi. Then V differs from a Coulomb-like 
potential by terms of order ¢. But then the wave-length 
will be the same as for a pure Coulomb field and the 
regularity condition cannot be fulfilled. A second example 
for which the wave functions can be found is the case of a 
constant potential. For the wave functions which are 
regular at the origin one finds 


x? 
fo—f-2=x cot x— (—-), x= Vro/he, 
. 1—x cot x 





in which we have used V>>mc*. Unfortunately there is no 
value of x for which (25) is satisfied. 


It seems that the most plausible solution of 
(25) is that the interaction V is so large that 
several oscillations of the wave functions u» and 
u_2 may take place in the distance 7o, (large 
phase shifts!). Then since the phases of the two 
wave functions will usually be different and since 
the (variable) wave-lengths will be different, at 
some points the wave functions will be in phase 
and at other points out of phase. In this way the 
integral in (25) may be small by virtue of almost 
complete interference. The large magnitude of 
V resulting in many oscillations inside ro will 
allow an irregular behavior at the boundary and 
a regular behavior at the origin. This then would 
constitute a necessary though not sufficient con- 
dition on the non-Coulombian interaction. 
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Conditions Influencing the Intensity of the *II—'2 Cameron Bands of CO 


GrorGe E, HANSCHE 
Mendenhall Laboratory of Physics, Ohio State University, Columbus, Ohio 


(Received December 15, 1939) 


Conditions influencing the intensity of the *II1—'2 Cameron bands of CO in emission have 
been studied in detail in the electrodeless ring discharge. The bands are intense in a large 
discharge tube at a pressure of about 0.005 mm or less. Under these conditions the mean free 
time between collisions of CO molecules is 2.5 X 10~* sec. from which the lifetime of the *II state 
is estimated as about ten microseconds. Marked increases of intensity relative to that of other 
band systems in the same spectral region are produced by increasing the energy of the discharge 
and by lowering the pressure. This indicates that the excitation function of the Cameron 
system differs significantly from those of the systems with which it is compared. 





HE Cameron bands of CO were originally 

discovered! in a neon discharge with small 
quantities of carbon, oxygen, and nitrogen as 
impurities and were definitely ascribed to CO 
by Hopfield and Birge? who obtained them in 
absorption in pure CO. They were obtained in 
emission in the pure gas for the first time by 
Knauss and Cotton* who used an electrodeless 
discharge in a large flask at low pressure. The 
levels involved in the transition were known to 
be *II—'Z, from analyses of other systems, before 
the rotational analysis by Gerd‘ verified the 
designation. The low probability of a transition 
of this kind accounts for the nonappearance of 
the bands in emission reported by Hopfield and 
Birge? and by Herzberg.’ To study in greater 
detail the conditions influencing the intensity of 
the Cameron bands in emission, the’ present 
work was undertaken. 


EXPERIMENTAL 


The discharge tube used in the present work 
was a twelve-liter Pyrex flask with a quartz 
window attached to a side arm by means of a 
quartz-to-Pyrex graded seal. Surrounding the 
flask was a helix of copper tubing which consti- 
tuted the inductance of the continuous wave 
oscillator described by Knauss and Cotton,’ 


modified to use an FP-3 triode (type 849) with 


'W. H. B. Cameron, Phil. Mag. 1, 405 (1926). 
asin?” Hopfield and R. T. Birge, Phys. Rev. 29, 922 
uss. Knauss and J. C. Cotton, Phys. Rev. 38, 1190 
‘L. Gerd, Zeits. f. Physik 109, 204 (1938). 

'G.H Herzberg, Zeits. f. Physik 52, 815 (1928). 
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a maximum plate dissipation of 400 watts. The 
plate voltage was supplied by a 2000-volt d.c. 
generator, and was controlled by varying the 
generator field current. Power input to the 
oscillator was recorded in terms of plate current 
and plate voltage. 

Pure CO gas was obtained by passing the 
vapor of concentrated formic acid over P20; 
which dehydrates the HCOOH molecule, and 
also removes water vapor. A needle valve made 
airtight by means of a sylphon bellows was used 
to control the flow of gas from the generator to 
the discharge tube. A liquid-air trap, a McLeod 
gage, a mercury diffusion pump, and a Hyvac 
backing pump were used in the usual way to 
control and measure the pressure. A second 
liquid-air trap was used between the gas gener- 
ator and the discharge tube. Constant pressure 
was maintained during each exposure while gas 
was being pumped through the system. 

The effect of using a smaller discharge tube 
was noted by comparison with spectra obtained 
with apparatus of Knauss and McCay,° in which 
a cylindrical vessel 6 cm in diameter served as a 
discharge tube. No definite evidence of Cameron 
bands was ever obtained from the smaller tube, 
hence the present experiments were carried out 
entirely in the large tube. 

The effect of changing the frequency of the 
oscillator could be studied by replacing the 

}-turn helix by one of 23 turns, the correspond- 
ing frequencies being 6000 and 10,500 kilocycles 
per second, respectively. 


*H. P. Knauss and M. S. McCay, Phys. Rev. 52, 1143 
(1937). 
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Fics. 1-5. Microphotometer traces of the foilowing CO bands: a, (4,12) fourth positive; 5, (0,1) Cameron; c, (5-13) 
fourth positive; d (0,0) first negative (CO*). For exposure data see Table I. 


A Steinheil quartz prism spectrograph of about 
40-cm focus produced the spectra in the region 
2000 to 3200A on a single 18-cm plate. Eastman 
ultraviolet sensitizing solution was used to 
extend the range of Eastman 40 plates to short 
wave-lengths. A Moll recording microphotometer 
was employed for comparing intensities. 


RESULTS 


Variations in the intensity of the Cameron 
bands in comparison with neighboring band 
systems were studied in some fifty exposures, 
planned so as to distinguish between the effects 
of pressure, power input, and frequency. To 
illustrate the results, the region 2150—2190A, 
containing bands of the Cameron, the fourth 
positive, and the first negative systems has been 
chosen, since the quartz spectrograph has good 
dispersion in this region, and the bands included 
respond to changes of pressure and power input 
in a way which is typical of the systems to which 
they belong. Microphotometer traces of this 
region photographed under a variety of condi- 
tions are presented in Figs. 1-5, with exposure 
data in Table I. 

In Figs. 1-4 the power input was kept constant 
at 10 watts, and the exposure times were chosen 
on the basis of the visual appearance of the glow 
to compensate somewhat for the decreased 
brilliancy at lower pressures. A most striking 
change in relative intensity of the Cameron 
bands occurs with a comparatively small change 
in pressure, namely from 0.003 to 0.002 mm of 


mercury, as shown in Figs. 2 and 3. At the higher 
of the two pressures, Fig. 2, the (0,1) Cameron 
band is considerably less intense than its neigh- 
bors, and at the lower pressures, Fig. 3, it is 
more intense. This marked change in relative 
intensity within such a small range of pressures 
was quite unexpected, but was verified by 
repeated trials. 

The effect of increased power input to the 
oscillator is illustrated by Fig. 5, made with 
300 watts input at a pressure of 0.005 mm. 
By comparison with the other figures, it is 
apparent that a higher power input increases 
the relative intensity of the Cameron bands, or 
from another point of view, produces a given 
relative -intensity at a higher pressure. Thus, 
the relative intensities obtained in Fig. 5 at 300 
watts input could be obtained at 10 watts by 
reducing the pressure one-half. 

Attempts to influence the results by substi- 
tuting a frequency of 10,500 kilocycles for 6000 
kilocycles failed to show any difference in 
behavior. The exposures illustrated were all 
made with the 53-turn helix, at the lower 
frequency. It was noticed with the aid of a wave 


TABLE I. Exposure data for Figs. 1-5. 

















TIME PRESSURE ENERGY INPUT | FREQUENCY (KIL- 
Fic. | (HOURS) (mM) (WATTS) OCYCLES/SEC.) 
1 0.5 0.04 10 5960 
2 1.5 0.003 10 6030 
3 4.0 0.002 10 6060 
4 2.0 0.0005 10 6100 
5 0.05 0.005 300 6200 
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meter that the frequency changed slightly as 
discharge conditions were changed. The fre- 
quency of the oscillator was raised by either 
lowering the pressure or increasing the input, 
the observed values associated with the dis- 
charges of Figs. 1 and 5 being 5960 and 6200 
kilocycles per second, respectively. 


DISCUSSION 


The occurrence of Cameron bands in a large 
discharge tube (diameter 35 cm) and their 
nonoccurrence in smaller tubes (diameter 6 cm 
and less) can be explained as follows. The upper 
electronic state, *II, is metastable with respect 
to the only level below it, the '> ground state 
of the molecule. The transition from a triplet to 
a singlet state is a violation of the selection rule 
according to which the resultant spin, and 
therefore the multiplicity, remains unchanged 
during a transition. This is not a strict rule; the 
probability of transitions contrary to this rule 
is small but not zero. Thus if a CO molecule in 
the *II state is given a long enough time before 
impact, the probability of a radiative transition 
is greater. In a small tube, impacts with the 
walls occur before radiation, and at higher 
pressures, impacts with other molecules; in either 
case the energy of excitation can be lost without 
radiation. 

An estimate of the lifetime of the excited state 
may be based on the mean free time between 
impacts under the discharge conditions at which 
the Cameron bands are intense. From data on 
mean free path and molecular velocity at NTP 
quoted by Loeb,’ values can be computed for a 
discharge pressure of 0.005 mm as in Fig. 5, 
and a temperature of 85°, an estimated discharge 
temperature based on the observations of 
Knauss and McCay.* Under these conditions, 
the mean free path is about 1.4 cm, the velocity 
is 5.6X 10 cm/sec. and the corresponding mean 
free time is 2.5X10-* sec. The lifetime of the 
‘II state is presumably less than this, or of the 
order of ten microseconds. 

It will be noted that the computed mean free 
path for the conditions under which Cameron 


"L. B. Loeb, The Kinetic Theory of Gases (McGraw- 
Hill, New York, Second edition, 1934), p. 651. 
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bands are intense in the large tube is only half 
the radius of the small 6-cm discharge tube in 
which they are missing. This may mean that 
the assumptions used in computing the mean 
free path are not quite correct, or that the 
hypothesis suggested above for the nonappear- 
ance of the bands in the small tube is not 
adequate. 

The effect of higher oscillator energies in 
increasing the relative intensity of the Cameron 
bands likewise suggests that more is involved 
than merely the chance of losing excitation 
energy by impact before radiation can occur. 
The proportion of molecules excited to the *II 
state must vary somehow when the energy of 
the electron impacts is changed. That is, the 
excitation function of the Cameron bands, which 
is simply the way in which the emitted intensity 
depends on the energy of the exciting electrons, 
must differ in character from the excitation 
functions of the fourth positive and the first 
negative bands. Apparently an increase in 
average electron energy increases the intensity 
of the Cameron system much more than that 
of the other two systems. The present experi- 
ments do not yield direct information about the 
excitation functions of band systems, but merely 
indicate that there must be significant differences 
in the forms of the functions for the three band 
systems in question. 

It should be noted that mere change of 
pressure in the electrodeless discharge could 
cause a change in the energy distribution of 
electrons, since at lower pressures the electrons 
being accelerated in the high frequency field 
could pick up more energy before impact, on 
the average. Possibly considerations of this kind, 
combined with the change in probability of a 
radiationless escape from the *II state with 
changing pressure, can be made to account for 
the very marked effect of small pressure changes 
on the relative intensity of the Cameron bands. 

The author wishes to express his appreciation 
to Professor H. P. Knauss for suggestion of the 
problem, and valuable advice. He is also grateful 
to Mr. A. T. Owen for undertaking preliminary 
experiments and to Professor J. B. Green for 
valuable suggestions. 
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The normal electron configuration of singly ionized gadolinium is established as 4f75d6s. The 
quantum numbers of the energy levels are deduced from a study of Zeeman effect patterns ob- 


tained with a field of 81,500 gauss. 





INTRODUCTION 


HE normal electron configuration of gado- 
linium is known to be 4f75d6s?.! On ioniza- 
tion, one would expect either the 5d or a 6s 
electron to be removed. There is also the possi- 
bility of the 4f shell becoming relatively more 
stable on ionization, enabling the capture of an 
electron to give a configuration of 4f%6s or 4f*5d. 
In the cases of samarium? and europium,’ a 6s 
electron is removed on ionization of the neutral 
atom. 

Many violations of the Hund rule for the 
lowest term of an electron configuration are 
known for excited electron configurations, but 
no violation has yet been found among the 
hundreds of normal electron configurations that 
are now known. According to the Hund rule, 
the four most likely normal electron configura- 
tions of Gd II should yield the following for the 
lowest terms: 


4f'5d6s—D, 8D, 8D, ®D, 
4fl6s? —8S, 

4f6s —*F, °F, 

4f*sd —SH, °G, °F, 8D, *P, *H, °G, °F, *D, *P. 


Accordingly, the lowest term of Gd II should be 
one of !°D, 8S, *F or *H. It should be noted that 
4f'5d6s (the one expected to be normal by 
analogy with samarium and europium) is the 
only one that gives a decet term, namely a 
lone !°D. 


EXPERIMENTAL 


The senior author had been engaged for some 
time in a fruitless attempt to discover the 


1W. E. Albertson, Phys. Rev. 47, 370 (1935). 

2 W. E. Albertson, Phys. Rev. 52, 644 (1937) ; Astrophys. 
J. 84, 26 (1936). 

?W. E. Albertson, Phys. Rev. 45, 499 (1934); H. N. 
Russell and A. S. King, Astrophys. J. 90, 155 (1939). 
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normal electron configuration of Gd II, when the 
large Bitter magnet‘ was installed in the spectro. 
scopy laboratory of this institute. At the same 
time Dr. A. S. King at the Mount Wilson 
Observatory in Pasadena made available to ys 
his most recent furnace temperature classifica. 
tion of lines of the gadolinium spectrum.® 
Electrodes composed of a silver-gadolinium 
mixture were prepared by first pressing and then 
sintering a silver powder-gadolinium salt mix. 
ture. We are indebted to Professor John Wulf 
for their preparation. With these electrodes, 
Zeeman effect photographs were obtained with 


TABLE I. Calculated and observed Landé g values in Gd II. 





























TERM J g VALUE 
TYPE VALUE CAL. OBS. 
a”p° 24 2.57 2.57 
3} 2.10 2.10 
4} 1.88 1.88 
ZF 1} 3.20 3.13 
23 2.23 2.17 
34 1.90 1.86 
4} 1.76 1.79 
TABLE II. Energy levels in Gd II. 
TERM J ENERGY TERM J ENERGY 
TYPE VALUE cm”! TYPE VALUE cu" 
a”p° 24 0.00 20 F 1} 25,960.08 
3} 261.87 2h 26,211.92 
43 633.28 34 26,595.22 
5} 1158.95 4} 27,162.22 
6} 1935.31 53 27,864.50 
6} 29,353.33 
a’D° 23 3082.02 2D 23 28,629.02 
3} 4483.89 34 29,242.22 
43 4852.36 4} 30,027.39 
5} 4841.14 53 30,101.36 
6} 32,946.23 











‘F. Bitter, Rev. Sci. Inst. 7, 479 (1936); G. R. Harrison 
and F. Bitter, Phys. Rev. 57, 15 (1940). 
* A. S. King, unpublished material. 
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WAVE- WAVE WAVE- WAVE 
LENGT NUMBER LENGTH NUMBER 
LA. cm™ INTENSITY COMBINATION LA. cm INTENSITY COMBINATION 
a0 p°—zl0F aD)? —z) 
3759.011 26,595.21 40 23-334 3418.735 29,242.23 150 24-3} 
3716.369 26,900.36 80 34—4} 3358.628 29,765.54 150 34—4} 
3671.216 27,231.20 200 43-5} 3392.534 29,468.06 80 44—5} 
3545.794 28,194.41 200 53-6} 3145.006 31,787.26 100 54—6}4 
3813.981 26,211.91 200 23-23 3491.967 28,628.99 100 24—23 
3796.393 26,333.34 200 34-3} 3449.628 28,980.36 40 34—3} 
3768.405 26,528.93 100 4}—4} 3401.060 29,394.19 20 44—4} 
3743.484 26,705.52 200 53-5} 3454.149 28,942.43 40 54—54 
3646.196 27,418.06 300 63-63 3223.740 31,010.95 40 64—6} 
3850.981 25,960.07 200 24-1} 3524.21 28,367.07 80 34—23 
3852.467 25,950.06 150 34-2} 3494.418 28,608.91 100 44—3} 
3850.703 25,961.95 150 434-3} 3462.99 28,868.54 40 54—4} 
3844.584 preyed = a 3549.365 28,166.04 200 64—5} 
3855.581 25, 4 4 a®D°—2"p 
a®D° —2)°F 3913.79 25,543.47 6 34—4} 
4251.741 23,513.18 300 23-3} 3959.437 25,249.00 30 443-5} 
4408.261 22,678.33 80 34-4} 3557.062 28,105.09 80 53—6} 
4344.313 23,012.15 20 43—5} 4037.906 24,758.34 125 34—3} 
4078.465 24,512.13 150 53-6} 3971.077 25,174.99 20 44—4} 
4322.195 23,129.91 20 23-23 3957.681 25,260.20 150 54-5} 
4521.303 22,111.34 12 33-3} 4140.454 24,145.16 12 34—23 
4481.068 22,309.87 100 44-4} 4098.912 24,389.86 80 44—3} 
4342.191 23,023.40 300 53-5} 3969.28 25,186.39 40 54—4} 
4369.775 22,878.07 80 2}-1} 
4601.067 21,728.02 100 34-2} 
4597.922 21,742.88 100 44-3} 
478.812 22,321.11 80 53-4} 











afield of 81,500 gauss at a dispersion of 0.8A/mm 
throughout the range \A2400-3900A. Although 
the gadolinium lines were fairly faint, several 
lines were completely resolved, with all of their 
Zeeman effect components showing, enabling the 
unique determination of both the J values and 
g values of the levels involved. 


RESULTS 


A term array was discovered which accounted 
for all of the low and nearly all of the middle 
temperature class Gd II lines. All of the low 
temperature lines were classified in a single 
multiplet *°DF, of which the '°D was the lowest 
term in the array. The quantum numbers of 
this term are established beyond a doubt, the 
J values by counting the number of components 
of the resolved patterns, and the LZ and S values 
from the excellent agreement between experi- 
mental and Landé g values, as is shown in 
Table I. The fact that all of the fundamental 
lines of the spectrum are now classified casts 
serious doubt on the proposition that levels 
lower than those of the !°D exist. From argu- 








ments stated above, it is clear that 4f75dé6s is the 
normal electron configuration of Gd II. Of the 
other terms from this configuration, fragments 
of the two *D terms have been found. The 
excitation of the 6s to a 6p electron gives the 
electron configuration 4f75d6p, which yields the 
triads *° FDP, *FDP, *FDP, *FDP. Of these, the 
°F and '°D terms are definitely established, as 
well as numerous unidentified levels. 

The energy levels are given in Table II, and 
the multiplets in Table III. The wave-length 
measurements are taken from the M.I.T.-W.P.A. 
Wavelength Tables. The temperature classifi- 
cations are from King.’ 


CONCLUSION 


In addition to those already acknowledged, 
we wish to thank Professor G. R. Harrison for 
the Zeeman effect photographs and for making 
wave-length data available to us previous to 
publication. 


bd >} R. Harrison, Wavelength Tables (Wiley & Sons, 
1939. 
7A. S. King, Astrophys. J. 72, 221 (1930). 
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The Dielectric Constant of Water Vapor at a Frequency of 42 Megacycles 
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(Received September 18, 1939) 


A heterodyne beat apparatus was constructed for the measurement of the dielectric constant 
of water vapor at 42 megacycles. One of the oscillators was crystal-controlled, the other having 
a tuned circuit containing a condenser which could be evacuated and filled with water vapor. 
A cathode-ray oscilloscope was used to indicate zero beat. Drift of the oscillators was eliminated 
from the results by plotting readings on a time base and alternating between vacuum and 
water vapor as rapidly as physical limitations would permit. Air was used as the calibration 
gas, because it is composed of nonpolar molecules. It should therefore have the same dielectric 
constant at this frequency as at the lower frequencies at which it has been measured by other 
observers. The Clausius-Masotti relation was verified for water vapor at constant temperature, 
and the dielectric constant of water vapor determined at three different temperatures and 
760 mm of mercury. The temperatures in question were 71.9°C, 99.8°C, and 147°C, at which 
the dielectric constant was found to have the values 1.0071, 1.0060, and 1.00475, respectively. 





INTRODUCTION 


LL previous investigations of the dielectric 
constant of water vapor have been made 

at frequencies less than two megacycles. Al- 
though it was not expected that the dielectric 
constant would be appreciably different at 42 
megacycles from the lower frequency value, yet 
it was thought desirable actually to measure the 
dielectric constant at this higher frequency. This 
information is to be used in a research problem 
on the variation of signal strength between short 
wave radio stations at Pasadena and Palomar. 


EXPERIMENTAL METHOD 


The method used in the present research in- 
volves the heterodyne beat principle invented 
by Pungs and Preuner;' a signal from a standard 
oscillator being heterodyned with the note from 
a test oscillator, which had a frequency very 
close to that of the standard oscillator. This test 
oscillator (see Fig. 1) was a symmetrical Hartley 
arrangement whose tuned circuit contained three 
condensers in parallel, namely, the gas condenser 
C,, the measuring condenser C,,, and the tuning 
condenser C;. These were all parallel-plate con- 
densers, the latter two being of the split-stator 
type, with grounded rotor. The frequency of the 
test oscillator could be changed by the intro- 
duction of water vapor between the plates of the 


* Now at Kansas State College, Manhattan, Kansas. 


1 L. Pungs and G. Preuner, Physik. Zeits. 20, 543 (1919). 
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gas condenser, and then this change could be 
compensated for by a change in the measuring 
condenser. 

The standard oscillator consisted of a crystal 
oscillator circuit followed by a frequency multi. 
plying arrangement to quadruple the frequency, 
The crystal used was a Western Electric AT cut 
crystal rated at 10.58330 megacycles and this 
frequency was practically independent of tem- 
perature variations. 

The measuring condenser was of very small 
capacity, having the range 2.0 to 2.1 micro- 
microfarads. This was specially constructed so 
as to be rigid and symmetrical, and was well 
shielded. It was driven with a National vernier 
drive, which enabled the setting to be read to one 
part in 5000, and was calibrated at 42 megacycles 
in terms of arbitrary capacity units. 
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Fic. 1. Circuit of the test oscillator. C,=gas condenser; 
C, = measuring condenser; C;=tuning condenser. 
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Fic. 2. The gas condenser. a, Invar condenser plates. b, quartz spacer ring. f, flexible leads. 
i, glass bushings. k, pipe leading to water vapor system. m, oil pipes. 


The gas condenser is shown in Fig. 2, which 
shows mutually perpendicular diametral sections 
of it. The parallel-plate condenser which formed 
the nucleus of the arrangement was composed of 
two Invar plates a, 1} inches in diameter, which 
were made conical in form to give mechanical 
strength while keeping the edge effects small. 
The plates were spaced 0.04 inch apart by the 
three equidistant quartz pins projecting from the 
quartz ring b. Bronze leaf springs hooked behind 
the lugs ¢ to hold the plates in position. These 
springs are not shown in the figures. 

The cylindrical brass container in which this 
assembly was mounted was of extremely heavy 
section, this being necessary in order to prevent 
distortion on evacuation. The quartz ring hung 
from the lid of the container by the joint e which 
was made with litharge-glycerine cement. The 
leads to the condenser were made of very flexible 
“pigtail” wire. The vacuum seal at this point was 
made by the glass bushings 7 which were ground 
plane on their lower surfaces and which fitted 
snugly into the holes machined to receive them. 
They were coated with glyptal on the ground 
surface before assembling and were then baked 
in situ. The leads were cemented into the bush- 
ings with litharge-glycerine cement and the whole 





outer surface of the container and bushings 
coated generously with glyptal and allowed to 
become thoroughly dry. This container was sup- 
ported from the lid of the oil bath 7 by the brass 
pipe k which was threaded and soldered into both 
lids. Thus the condenser was doubly shielded 
electrically in the best manner by this arrange- 
ment and was also freed more thoroughly from 
external mechanical disturbances. The brass pipe 
also provided the connection to the water vapor 
system. . 

The plates of the condenser were at first made 
of brass, but it was found that small thermal 
fluctuations produced changes in size of the 
plates, the resulting capacity changes being by 
no means negligible. Therefore in the final form 
Invar plates were used. 

The shielding of the oscillator had to be com- 
plete, so it was necessary to use dry batteries as 
the source of power, and to bring no leads or 
pipes out of the cabinet which were not at ground 
potential. This made it impossible to heat and 
stir the oil bath from the inside of the cabinet, 
so this bath was made in two parts, with the 
stirring, heating, and temperature regulating 
being done in the part outside the cabinet. Con- 
nection between the two parts of the bath was by 
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means of two }-inch brass pipes m, the upper one, 
by which the oil entered, being offset to cause a 
whirling motion of the oil and consequent rapid 
temperature equalization. A mercury thermostat 
was used to control the temperature. The inner 
bath was fitted with a heavy copper cap m, the 
lower portion of which was beneath the level of 
the oil, and the whole bath was covered with a 
layer of felt in order that the bushings and leads 
should be at the temperature of the oil. 

The water vapor used in the experiment was 
generated in a small bulb, which was evacuated 
and partly filled with liquid water. This bulb was 
situated in a thermostated water bath and could 
be connected through an electrically heated 
copper pipe to the gas condenser. The heating of 
the pipe ensured that the bulb was the coolest 
part of the water vapor system, and hence that 
the pressure of the vapor was that of saturated 
water vapor at the temperature of the bath. A 
joth-degree thermometer was used to determine 
this temperature. Connections were such that the 
condenser could readily be evacuated without 
evacuating the bulb. 

The two oscillators were loosely coupled to the 
grid of a detector tube, the coupling condensers 
consisting merely of a few inches of insulated 
wire twisted together. The beat note generated 
in this mixer tube was then amplified and im- 
pressed on the plates of an RCA oscilloscope. 
This made it possible to determine the position 
of zero beat with very great precision, for under 
these conditions the pattern on the screen was a 
motionless straight line which would jump up 
and down as drift started to take place. 

At the high frequency at which these measure- 
ments were made the total capacity of the 
resonating circuits had to be small, and hence 
stray capacities were of far greater importance 
than at a lower frequency. It was not permissible 
to measure these stray capacities at zero fre- 
quency and assume them to be the same as those 
existing at 42 megacycles because at this high 
frequency wires grounded at one end may have 
an appreciable capacity to ground, which they 
do not possess at zero frequency. It would 
therefore be very difficult to make an absolute 
determination of the dielectric constant at this 
frequency. A relative measurement was therefore 
made using air as the calibrating gas. Many 
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measurements have been made on air at lower 
frequencies, and since it is composed of nonpolar 
molecules, its dielectric constant should have the 
same value at 42 megacycles as at lower fre: 
quencies. This assumption is substantiated by 
the fact that the refractive index of air as 
measured spectroscopically at frequencies in the 
infra-red region, leads to a value of the dielectric 
constant in this region which is the same as the 
value observed directly at lower frequencies.” 
The method of taking readings was designed 
to remove the effects of drift as completely as 
possible. This meant alternating between vacuum 
and water vapor as rapidly as the physical limi- 
tations would permit. Before starting a run it 
was necessary to wait for the establishment of 
thermal equilibrium throughout the system and 
to adjust the various voltages until the drift was 
as small as it could be made. Then the stopcock 
was turned so as to evacuate the gas condenser 
and readings of the measuring condenser setting 
for zero beat were taken every minute for 8 
minutes or so, after which the gas condenser was 
connected with the bulb and readings taken for 
8 minutes or so under this condition, and then 
the bulb was evacuated again, and so forth. Runs 
were of about an hour’s duration. These readings 
were plotted on a time base, and the resulting 
curve corrected with the calibration curve of the 
measuring condenser to give a curve showing the 
difference, in arbitrary capacity units, between 
zero beat settings under the two conditions of the 
gas condenser, namely, vacuum and water vapor. 
The mean value of this last curve was taken as 
the correct value under the conditions of the run. 


2D. Bender, Phys. Rev. 54, 179 (1938). 
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The calibration runs were taken with air in 
exactly the same manner, the air being dried and 
freed from carbon dioxide by passing through 
sulphuric acid, sodium hydroxide, calcium chlor- 
ide, and phosphorous pentoxide. Seven such 
calibration runs were made, and the mean of 
these was used to give the ratios plotted in 
Fig. 3, which is a plot of the ratio of the quantity 
(e—1) for water vapor to that for dry air at 76 cm 
of mercury and 100 degrees centigrade. 


CONCLUSIONS 


According to the theory given by Clausius and 
Masotti, the quantity (e—1) should vary linearly 
with the density of the gas for nonpolar mole- 
cules. The results given in Fig. 3 show that this 
relation is also true for water vapor at constant 
temperature since the isothermal curves are all 
straight lines. 

Assuming a value of 1.000425 for the dielectric 


constant of air at 76 cm and 100 degrees centi- 
grade,’ the slopes of the lines in Fig. 3 correspond 
to values of the dielectric constant of water 
vapor of 1.0071 at 76 cm and 71.9°C; 1.0060 at 
76 cm and 99.8°C; 1.00475 at 76 cm and 147°C. 
Of these, the value at 99.8°C is the most reliable, 
as more points were taken to determine it. The 
value found by Sanger* was 1+ (0.600+ 3507/7) 
(density) and the present results agree with this 
within the limits of accuracy of the experiment. 
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A method is described for recrystallizing tungsten wire 
into long single crystals occupying the whole cross section 
of the wire and so oriented that one of the face diagonals 
is parallel to the axis of the wire. The temperature depend- 
ence of the emission associated with the different crystal 
directions has been investigated for one such specimen and 
fitted to the empirical equation i9p=A*T* exp (e¢o/kT). 
The values of go range from 4.35 volts for the (111) crystal 
direction to 4.65 volts for the (110) crystal direction. The 
values of A* range from 125 for the (112) and (001) 


INTRODUCTION 


HE work of Johnson and Shockley’ and later 
of Nelson? and Martin* has shown that the 
high field thermionic emission from pure and 


*Now National Research Fellow at Princeton Uni- 
versity. 
(1936) P. Johnson and W. Schockley, Phys. Rev. 49, 439 
*R. B. Nelson, M.I.T. Doctor’s Thesis. (Soon to be 
published.) 
*S. T. Martin, Phys. Rev. 56, 947 (1939). 


directions to 15 for the (110) direction. A possible ex- 
planation for the low values of A* is suggested. These 
results show that the values of go and A* obtained from 
the usual measurements on polycrystalline. wire are 
characteristic of a weighted average of the properties of 
the various crystal surfaces occurring and have, therefore, 
only empirical value, indicating that all attempts to 
relate observed to theoretical values of emission constants 
have so far no great significance. 


caesiated tungsten surfaces depends upon the 
crystallographic direction normal to the emitting 
surface. Up to the present, all quantitative 
measurements of the thermionic constants of 
metallic surfaces have been made on polycrystal- 
line specimens. Thus the results obtained are 
characteristic only of a weighted average of the 
properties of the various crystal faces exposed, 
making the interpretation of the results exceed- 
ingly complex. 
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Martin’s*® work with a system consisting of a 
small sphere, essentially a single tungsten crystal, 
surrounded by a concentric spherical fluorescent 
screen is of particular interest because it shows 
that of all the possible crystallographic directions 
normal to the surface of the sphere, the only 
ones possessing important characteristic therm- 


ionic properties are the (001), (110), (111), and: 


(112) crystal directions. It has been known for 
some time that on account of the pure tensile 


v 











Fic. 1. Crystal growing apparatus. 


stress experienced by the crystal grains near the 
center of a tungsten wire as it is drawn through 
the dies, these grains show a preferred orienta- 
tion; namely, that in which one of the (110) 
directions coincides with the wire axis. Nelson? 
has shown that it is possible to recrystallize 
tungsten wire, polycrystalline as it comes from 
the dies, in such a way that crystals occupying 
the whole cross section of the wire are produced 
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with this preferred orientation. This orientation 
makes all the crystal directions which haye 
Miller indices of the form (hhk), which includes 
all the directions found to be thermionically jm. 
portant by Martin, normal to the surface of a 
smooth wire. 

With Nelson’s method for obtaining a properly 
oriented “‘seed”’ crystal, long single crystals have 
been produced in pure tungsten wire by a 
method to be described here. Quantitative therm. 
ionic measurements upon one such crystal have 
yielded values of the thermionic constants for 


the different crystal directions normal to the 


surface of this wire. 


PRODUCTION OF SINGLE CRYSTAL WIREs Rp- 
TAINING THE PREFERRED ORIENTATION 


For a number of years single crystal tungsten 
wire has been produced by the firms of Julius 
Pintsch and others. In general, the method con- 
sists of passing a polycrystalline tungsten wire, 
including suitable fluxing agents, through a steep 
temperature gradient. This process yields single 
crystals, meters long, which occupy the whole 
cross section of the wire. Unfortunately, they 
contain relatively large amounts of impurity 
from the fluxing agent. This fact, together with 
the random orientation of the crystals, makes 
these commercial products unsuited for experi- 
mental use. The procedure set forth in the follow- 
ing is simply to extend a “seed”’ crystal, pro- 
duced with the proper orientation by Nelson's 
method, by passing it through a steep tempera- 
ture gradient. 

Two Pyrex tubes A and B (of Fig. 1) of about 
the same diameter are mounted with inter- 
connecting tubes C and D. The tube E leads to 
the vacuum system. A raw _ polycrystalline 
tungsten wire (G.E. No. 218, five-mil), having 
been ground and polished to remove the die 
marks,‘ is mounted with suitable springs in tube 
A. The thin-walled glass tube F seals B from the 
mercury manometer and the capillary leak L. A 
mercury distilling apparatus is connected at K. 
After the tubes have been evacuated and baked, 
mercury is distilled in until the levels are some- 
what as indicated in the drawing. The still is 


*R. P. Johnson, A. B. White, and R. B. Nelson, Rev. 
Sci. Inst. 9, 253 (1938). 
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then sealed off. Tank hydrogen, from which the 
water vapor, oxygen, and hydrocarbon vapors 
have been removed by passing through hot 
copper shot and then through a trap filled with 
glass beads and immersed in liquid air, is ad- 
mitted through the fore vacuum end of the sys- 
tem until atmospheric pressure is reached. Liquid 
air is kept on the traps at all subsequent times. 
The system is flushed with hydrogen several 
times before the final charging. 

Up to this time, the raw wire has not been 
heated above 1000°K, and has retained its poly- 
crystalline nature. In order to produce a crystal 
seed possessing the proper orientation relative to 
the axis of the wire and lying just above the 
mercury surface in tube A, Nelson’s® heat treat- 
ment process is used. The temperature of the 
wire is raised to 1000°K by passage of an alter- 
nating current and raised in steps of about 100° 
each half-hour thereafter until the temperature 
is about 2600°K. The presence of the hydrogen 
cools the surface of the hot wire so that a tem- 
perature gradient exists between the center and 
the surface of the wire. From a measurement of 
the power dissipated by a five-mil wire at 2000°K 
in an atmosphere of hydrogen, it has been calcu- 
lated that the center of the wire is about one 
degree hotter than the surface. In such a small 
wire this slight temperature difference represents 
a considerable gradient which is favorable to the 
growth of crystals in the radial direction. Under 
these conditions, crystals start from parent grains 
near the center of the wire and grow rapidly 
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Fic. 2. One-dimensional electron projection tube. 
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Fic. 3. Photograph of the projection tube in which was 
mounted the single crystal wire used for the measurement 
of the thermionic constants reported in this paper. The 
two white marks set off the portion of the crystal upon 
which the measurements were taken. 


toward the cooler outer portions. Thus crystals 
are obtained which occupy the whole cross sec- 
tion of the wire and retain the preferred orienta- 
tion of their parents. 

Presumably a crystal seed with its (110) crys- 
tal axis coinciding with the axis of the wire now 
exists in the wire at the surface of the mercury 
in tube A. Tube C is then sealed off at the 
constriction /7 leaving tube A and tube B con- 
nected only by tube D. The pressure in tube A 
is reduced slightly thus insuring an “overlap”’ 
of the seed. The thin-walled tube F is then broken 
by the magnetic hammer G, thus connecting the 
capillary leak Z and the mercury manometer M, 
which is across the capillary, to tube B. A Hyvac 
pump is connected to J through an adjustable 
leak, thereby maintaining the pressure difference 
across the capillary leak at any desired value 
under one atmosphere. 

During the rest of the process, the wire is held 
at 2600°K. Since the wire is immersed in hy- 
drogen, a very steep temperature gradient exists 
at the surface of the mercury. As the hydrogen 
is slowly removed from tube B through the 
capillary leak L, the mercury slowly falls in A, 
thereby moving the steep temperature gradient 
down the length of the wire and extending the 
crystal seed with it. A temperature of 2600°K and 
lowering speeds of 1 inch per hour down to } inch 
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Fic. 4. Cross section and top view of tube used to 
measure the thermionic constants for the different crystal 
directions. This shows the single crystal wire A mounted 
in the rotor R so that it can be rotated in front of the slit 
S cut in the side of the cylindrical anede B. 


per hour were found to give fairly satisfactory 
results. 

After the mercury lowering process is com- 
pleted, the wire must be heated for several hours 
in hydrogen at the advanced temperature of 
about 2950°K to absorb into the body crystal 
numerous small surface crystals. 

After the completion of the heat treatment the 
wire is transferred to an electron projection tube. 
These tubes were developed by Johnson and 
Shockley! and later further by Nelson? and 
Martin.’ Fig. 2 taken from Nelson’s thesis shows 
a typical one-dimensional projection tube. The 
applied electric field between the filament and 
the fluorescent screen is radial, so that if a suffi- 
ciently high field is used, the thermal electrons 
emitted by the filament travel in straight lines 
radially to the screen. Thus, the illumination at 
any part of the screen is a qualitative measure of 
the emission of the portion of the filament having 
the same cylindrical coordinates of azimuth and 
distance along the wire axis provided, of course, 
that the filament is round. 
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A regular pattern on the fluorescent screen 
possessing the symmetry properties of a cubic 
crystal with one of its face diagonals along the 
axis of the screen (two reflection planes at right 
angles) indicates the presence of a single crystal 
in the corresponding position on the wire. 

Figure 3 is a photograph of a projection tube 
in which was mounted the wire upon which the 
thermionic measurements set forth in the follow- 
ing section of this paper were made. The large 
single crystal is about 9 cm long. The two hori- 
zontal lines show the region of the wire from 
which the thermionic data were taken. Photo- 
micrographs of the surface of the wire will be 
shown in the next section. 

Precautions are necessary to obtain a smooth 
surface on the recrystallized wire. The hydrogen 
must be free from oxygen, water vapor, and 
hydrocarbon vapors because these active etching 
agents give a very rough surface to the wire, 
It is for these reasons that the crystal-growing 
apparatus was designed in the form set forth 
above, since in this form each step can be carried 
out with the requisite cleanliness and purity of 
materials. 


APPARATUS FOR MEASURING THE THERMIONIC 
CONSTANTS OF SINGLE CRYSTAL WIRE 


The tube used to make the quantitative therm- 
ionic measurements was designed and _ con- 
structed by Dr. R. B. Nelson but was rebuilt to 
incorporate certain refinements. The metallic 
parts of the tube are all of tantalum except for 
leads and springs. The envelope is of Pyrex. 

Figure 4 is a schematic diagram of the metallic 
parts of the tube. A sufficiently high voltage is 
applied between the single crystal filament A 
and anode B to cause the thermal electrons from 
the filament to proceed radially in straight lines 
to the anode B. Those electrons whose _trajec- 
tories are in line with the slit system SS’ pass 
through to the collector D and are measured. 
The radial voltage gradient in the neighborhood 
of the wire A must be large compared to the local 
gradients set up by the differences of work 
function of the various crystal directions. Also, 
the voltage must be high enough to render in- 
significant the initial thermal velocities of the 
electrons. The lower voltage limit of the tube 
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turned out to be about 1000 volts. The upper 
limit set by field emission difficulties is about 
3500 volts. Between these limits the tube showed 
no polarization or leakage difficulties. In this 
voltage range a negative potential of 800 volts 
relative to the anode B on the electrode C was 
found to eliminate slow secondary electrons from 
the slits SS’ and to keep slow secondaries from 
leaving the collector D. A positive potential of 
180 volts on the guard rings G keeps stray elec- 
trons from reaching the lead to the collector. The 
rotor frame R supports the wire A and is pivoted 
at the points PP’ with tungsten pivots and glass 
bearings. Rotor R can be rotated about PP’ from 
outside the tube by causing an electromagnet to 
attract the laminated soft iron rod J which is 
sealed in a Pyrex envelope, thus bringing the 
different crystal directions of the single crystal 
in A into alignment with the slit system S.S’. 











Fig. 5. A, emission versus angle at 1880°K; B, at 1480°K. 
Applied surface gradient 60,000 volts/cm. 
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Fic. 6. Schottky plot for the (111) direction. 
A Data at 1890°K; o data at 1450°K. 


The mirror M permits the measurement of the 
angles through which the crystal has been ro- 
tated. The tantalum spirals KK’ serve to conduct 
the heating current through the wire and yet 
permit the free rotation of the rotor R. The glass 
insulator F which supports the collector system 
D is of special design.® The resolving power of the 
slit system and the optical system used to meas- 
ure the angles through which the crystal is 
rotated is about three degrees. 

The whole metallic system is suspended from 
a single tungsten-to-glass press ; all the remaining 
leads, of which there are six, are flexible thus 
permitting the glass envelope to change its shape 
freely, as it does to a certain extent during the 
baking process, without throwing any of the 
parts out of alignment. The tube was gettered 
with barium-aluminum getter and sealed from 
the vacuum system before the measurements 
were taken. The technique used in the prepara- 
tion of the structural parts for vacuum and the 
schedule of evacuation have been described by 
Nottingham.® 

The direct current used to heat the filament A 
was supplied from storage batteries and ac- 
curately measured by use of a Leeds and Nor- 
thrup type K potentiometer and a standard 
tenth-ohm resistor. The diameter of the wire, 
which must be accurately known, was measured 
by an interferometer and checked by weighing a 
measured length. From the value of the density 
of tungsten given by Jones and Langmuir,’ these 
two methods agree to within two-tenths percent. 

’W. B. Nottingham, Phys. Rev. 55, 203 (1939). 

*W. B. Nottingham, J. App. Phys. 8, 762 (1937). 


7H. A. Jones and I. Langmuir, Gen. Elec. Rev. 30, 310, 
354, 408, (1927). 
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Fic. 7. A, photomicrograph of single crystal wire looking 
down the (001) direction; B, ten degrees off the (110) 
direction. 


The Forsythe-Watson* temperature scale was 
used to determine the temperature of the middle 
section of the wire A. Over the range used, no 
end corrections were needed. The anode-to- 
filament voltage was supplied from a filtered 
kenotron rectifier and measured by use of the 
type K potentiometer and a precision voltage 
divider. The electrometer method used to meas- 
ure the collector current over a range of 10° to 
10-“ ampere is described by Nottingham.’ 


EXPERIMENTAL RESULTS 


By rotating the single crystal wire to different 
positions in front of the slit system SS’, the yield 
of thermal electrons from the different directions 
can be measured. The dependence of emission 
upon crystal direction is shown in Fig. 5A at 
1880°K and in Fig. 5B at 1480°K. The emission 
before the wire was heated above 2500°K, after 
mounting in the final tube, is given by the com- 
bination of dotted and solid lines. For angles 
where the dotted lines do not show, the emission 
remained constant through further heat treat- 
ment. The solid lines show the values after heat 
treatment up to 2650°K. Little is known about 
the behavior of single-crystal surfaces undergoing 
heat treatment in a vacuum. Because of the 
possibility of an irreversible change in the surface 
structure at higher temperatures, a complete set 
of data was taken after the 2650°K flashing but 
before the wire was raised to higher tempera- 
tures. It is upon this set of data that the therm- 
ionic constants which are tabulated in the 
following are based. There was no need for re- 


8 W. E. Forsythe and E. M. Watson, J. Opt. Soc. Am. 
24, 114 (1934). 
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peating the measurements since the emission at 
any point did not change more than 5 percent 
even after an aggregate of 6 minutes at 2900°K 
and 2 minutes at 2960°K. The 30-second, 2900°K 
flashes were alternated with ten to twelve-hour 
heatings at 1800° to 2000°K.* The data collected 
here indicate, to the extent of the heat treatment 
given the wire during the measurement period, 
that no surface changes which affect the ther- 
mionic properties have taken place. 

The polar emission diagrams show perfect 
symmetry of a cubic crystal with one of the face 
diagonals along the axis of the wire. The angles 
at which the various crystal directions cut the 
surface of the wire have been calculated and 
drawn into the polar diagram. To within the 
resolving power of the slit system and the optical 
system for measuring the angles (about 3°) these 
crystal directions agree with the maxima and 
minima found. This shows the presence of a 
nearly perfect crystal in a round wire. A back 
reflection Laue x-ray photograph down the (111) 
crystal axis of the wire was taken and checked 
the crystal orientation. This assignment of 
crystal directions is in perfect agreement with 
the results of Martin’s* spherical system and 
Nelson’s? cylindrical system, both sets of results 
having been corroborated by x-ray determination 
of the directions. Although the peaks of the two 
maxima on either side of the (001) direction occur 
very near the (116) directions, it is doubtful if 
they can be characteristic of any one given 
crystal direction because the (115), (117), etc., 


TABLE I. Thermionic constants for the various crystal 
directions of tungsten. The estimated error in the determination 
of the go is about 0.5 percent. This means that the error in A* 
is about ten percent. 














MILLER INDICES ¢o A*® Ss 
111 4.37 36 12.5 
. 2 @ 4.35 41 11.5 
sg Ss 4.36 30 13.0 
oe Re 4.66 125 11.1 
Se 4.66 125 11.2 
1 1 6 4.35 56 : 
1 1 6 4.36 51 10.7 
001 4.53 117 10.5 
as 4.65 15 9.6 




















*E. A. Coomes, Phys. Rev. 55, 519 (1939). 
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Fic. 8. Composite Richardson plot for the different 
crystal directions on the same scale. The broken line 
represents the emission from the (111) direction. 


crystal directions come so close to them. Never- 
theless, they will be labelled as (116).!° 

To enable the reduction of the high field emis- 
sion values to “‘zero field’’ values, the dependence 
of the emission on the anode filament voltage for 
each maximum and for each minimum occurring 
on the polar plot was investigated for two differ- 
ent temperatures. Fig. 6 is a representative plot 
showing the voltage dependence of the emission 
in the (111) direction at 1890°K and 1450°K. 
The two sets of data are superimposed to show 
the agreement of slope. The data follow the well- 
known law derived from the Schottky mirror- 
image theory : 


log io te = log io int SV1/ A 


where i, is the high field emission, 7, the “‘zero 
field” emission, and V the voltage. The constant 
S depends on the geometry of the emitter and 
collector system. For the system used here, 
assuming that the filament is perfectly round and 


1 The work of Nelson, reference 2, and Martin, reference 
3, did not point conclusively to the minimum in the (001) 
direction. However; Professor W. B. Nottingham has 
recently informed me that his projection tube data from 
aged crystals show a definite minimum in the (001) 
direction. 


THERMIONIC CONSTANTS OF TUNGSTEN 





303 


smooth, the theoretical value of S is 10.5. Actual 
experimental values differ somewhat from this 
value presumably on account of surface irregu- 
larities of the wire. Surface projections will make 
for a larger S, whereas surface depressions of the 
order of magnitude of, or greater than, the re- 
solving power of the collimating slits will make 
for a smaller S. The values of S as determined 
graphically from the Schottky plots for the 
various crystal directions are tabulated along 
with the other thermionic constants in Table I. 
These values of S were used to calculate the 
“zero field” emission 4p. 

Figure 7A is a photomicrograph of the crystal 
wire looking down the (001) direction. This 
region of the wire is smooth and gives a value of 
S very nearly the theoretical value. Figure 7B 
is a photomicrograph taken ten degrees off the 
(110) direction and indicates a flat region normal 
to the (110) direction. This flatness explains the 
low S for this region. The furrowed surface on 
either side of the (110) direction extends nearly 
to the (111) direction. From an inspection of 
many specimens, it seems that this surface config- 
uration is general for wire heat treated in the fash- 
ion set forth here.?:" Until more is known about 
the surface structure of tungsten filaments, it is 
better to think of the thermionic data presented 
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1 R,. P. Johnson, Phys. Rev. 54, 459 (1938). 
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here as associated with different crystal directions 
rather than with the ideal crystal faces normal 
to these directions because one cannot as yet be 
sure that the actual surfaces normal to these 
directions are ‘‘pure,”’ i.e., that an actual surface 
normal to a given crystal direction is made up 
solely of the ideal crystal face normal to this 
direction. 

The temperature dependence of the emission 
from each maximum and each minimum was in- 
vestigated. Using the values of S in Table I, 
the ‘‘zero field” emission can be calculated. These 
“Zero field’’ values were fitted to the empirical 
formula 


ip =aA*T? exp [—e¢o/kT ], 


where A* and ¢ are constants and a the area of 
the wire from which the emission comes. The 
value of a is calculated from the wire diameter 
and the dimensions of the slits. Fig. 8 is a com- 
posite plot of Inioi./T? versus 10*/T for the 
various crystal directions showing the variation 
in slope and ordinates. Fig. 9 is a composite plot 
of the data from the three duplicated (111) 
directions. The two directions show good agree- 
ment, but the third, the (111) direction, exhibits 
higher ordinates but has the same slope as the 
other two. To within experimental error, the 
data for each direction lie on a straight line, go 
being determined from its slope. Knowing ¢o, 
logio A* is computed by selecting any one point 
exactly on the straight line. As seen from Table I, 
the variation in emission is accounted for by 
changes in both A* and ¢o. For completeness it 
should be pointed out that Mendenhall and 
De Voe” under great experimental difficulties 
obtained the value of 4.35 electron volts for the 
photoelectric work function of a (310) crystal 
direction and 4.50 for a (112) direction. 

Since there is a variation of 0.3 volt in the 
value of go over the various crystal directions, 
there will be relatively large tangential voltage 
gradients just outside the wire. For the case of 
the five-mil wire used here, the most rapid 0.3- 
volt change takes place in about twenty degrees, 
assuming each different crystal face is pure, 
giving tangential gradients of the order of 150 
volts per centimeter. However, the data upon 


12C, E. Mendenhall and C. F. De Voe, Phys. Rev. 51, 
346 (1937). 
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which the ¢i are based were taken with radia] 
gradients of 60,000 volts per centimeter, so the 
effect of the tangential fields is negligible. 

The Schottky mirror image theory of the volt. 
age dependence of work function holds for pure 
polycrystalline tungsten surfaces from a surface 
gradient of about 2500 volts per cm" up to the 
order of a million volts per cm where field emis. 
sion begins to set in. It is not unreasonable that 
the surface fields between the various crystal 
faces exposed cause the deviation of experiment 
from theory for gradients under 2500 volts per 
cm. Certainly, from the very nature of the 
theory, the agreement for lower gradients should 
get better, if the surface is homogeneous in 
nature, i.e., a single crystal face. Making the 
reasonable assumption that the Schottky mirror 
image theory is correct, for a surface of all one 
crystal face, down to zero field, the i, really 
represent zero field emission. By this method of 
measuring 7, at high field and using the Schottky 
theory to extrapolate to zero field emission i,, 
the effect of the neighboring crystal faces on the 
behavior of electrons emitted from a given face 
has been eliminated. 


DISCUSSION 


For a detailed interpretation of the empirical 
constants A* and ¢p the reader is referred to 
papers by Herzfeld,!® Wigner,’® and Becker and 
Brattain.” The values of go reported here closely 
represent the work required to remove an elec- 
tron from the top of the Fermi band at zero 
degrees Kelvin to a distance outside of a homo- 
geneous crystal face, this distance being large 
compared to the lattice constant but small com- 
pared to the dimensions of the crystal face. The 
differences between the ¢o for the different crys- 
tal directions may be interpreted as being caused 
by differences in the nature of the double layers 
formed on the various crystal faces. The double 
layers are set up by the lack of symmetry of the 
electron distributions around the surface ions, 
and are such that they generate a constant po- 
tential inside the metal. However, the potential 


18 W. B. Nottingham, Phys. Rev. 49, 78 (1936). 
4 J. A. Becker, Rev. Mod. Phys. 7, 95 (1935). 
16K. F. Herzfeld, Phys. Rev. 35, 248 (1930). 
16 E. Wigner, Phys. Rev. 49, 696 (1936). 
(1938) A. Becker and W. H. Brattain, Phys. Rev. 45, 694 
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outside the metal is not constant but varies in 
such a way that the potential differences between 
the outer neighborhoods of different crystal faces 
are equal to the differences in the moments of 
their respective double layers. 

As was mentioned before, the Schottky mirror- 
image theory of the voltage dependence of the 
work function does not hold for polycrystalline 
tungsten surfaces for surface gradients under 
about 2500 volts per centimeter." Probably the 
most complete discussions of this deviation have 
been given by Becker™ and Nottingham." Becker 
found, if he assumed for a polycrystalline surface 
a checker board surface in which alternate 
checkers possessed different work functions, that 
the emission from such a surface would deviate 
from the Schottky theory in the same general 
way as actual polycrystalline surfaces have been 
found to deviate. In fact, if he chose the size of his 
checkers to correspond roughly to the grain size 
of polycrystalline tungsten wires (about 10~* cm) 
and the difference in work function of adjacent 
checkers to be about 0.5 volt, he obtained good 
agreement with experiment for thoriated tung- 
sten surfaces. Of course, the theory holds just 
the same for pure tungsten surfaces in which case 
it appears, from the data presented in Table I 
of this paper, that the differences in work func- 
tion between the adjacent checkers should be of 


‘the order of several tenths of a volt. For a more 


detailed discussion the reader is referred to 
Becker’s and Nottingham’s papers; but it is 
perhaps not out of place to give a brief qualitative 
explanation of this deviation for pure poly- 
crystalline tungsten on the basis of the data set 
forth in this paper. 

Let xo be the distance from a plane homo- 
geneous tungsten surface at which the image 
forces on the electron just equal the force of the 
externally applied electric field. Thus xo = }(e/E)!. 
For E=1,000,000 volts/cm, x9=19(10)-* cm. 
For E=60,000 volts/cm (the surface gradient 
at which the Richardson data for this paper 
were taken) x»=76(10)-* cm, and at E=2500 
volts/cm, xo = 380(10)-* cm. The different crystal 
faces appearing in this polycrystalline surface 
will be roughly the same size as the grains. For 
the polycrystalline samples upon which thermi- 
onic measurements have been made, the grain 
size is known to be about 10~* cm. Table I shows 
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that the maximum difference in go between 
facets is at least 0.3 volt. On account of the 
difference in contact potential between neighbor- 
ing facets, the potential for an electron just out- 
side a facet of low work function will be lower 
than the potential outside a facet of high work 
function. Roughly speaking then, if xo is very 
small compared to the facet size (10~* cm), that 
is for high field strengths, the emission from a 
given facet will be relatively uninfluenced by the 
neighboring facets of different work function. 
However, when xo approaches the same magni- 
tude as the facet size, then the emission from a 
given facet will be influenced by the difference 
in contact potential between the given facet and 
the neighboring facets. Most of the emission 
comes from the facets of low work function. On 
account of the presence of the neighboring facets 
of higher work function the field strength on the 
facets of lower work function is actually lowered 
so that the field strength on these facets is lower 
than the experimenter thinks. As x» becomes very 
large (E--0), the work required to remove an 
electron from any crystal facet to a large distance 
becomes the same and the Schottky theory again 
holds. Therefore, the larger the facet size and 
the smaller the difference in work function the 
smaller become the surface fields at which the 
Schottky theory fails. Assuming the validity of 
an argument of this type, the deviation from 
the Schottky theory gives some idea of the 
nature of the surface of the emitter. For example, 
if the maximum difference in work function 
between neighboring facets is held constant, the 
smaller the size of the facets the higher will be 
the surface gradients for which the deviation 
from the Schottky theory sets in. 

If the surface normal to a given crystal direc- 
tion is not “pure,”’ i.e., if it is made up of several 
different crystal faces, the go determined by the 
temperature dependence of its emission will be 
that of the crystal face of lowest ¢ if the data 
give a straight Richardson line. Then the em- 
pirical A* associated with this surface will be 
that associated with the crystal face of lowest 
¢o multiplied by the fraction of the surface area 
which is made up of the crystal face of lowest ¢o. 
Table I includes several low values of A*, the 
lowest being that for the (110) direction. Fig. 7B 
shows the roughness of this surface and also the 
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Fic. 10. Schottky plot for (I10) and (111) crystal directions. 


roughness extending to the (111) directions. On 
account of this roughness these surfaces are pre- 
sumably not pure. Fig. 10 is a Schottky plot for 
the (110) direction compared with that for the 
(112) direction which has a high A* value. 
Microscopic examination (Fig. 7A) shows the 
surface normal the (112) direction to be smooth. 
The Schottky plot for the (110) direction deviates 
from the Schottky theory for a value of the 
surface gradient E of about 4.5X10* volts/cm 
(x9 = 90 X 10-* cm) whereas the Schottky plot for 
the (112) direction [as well as all other directions 
with the exception of the (110) direction ] agrees 
with the theory down to much lower voltages.'® 
This deviation for the (110) direction shows that 
there is a small scale “checkerboard effect’ 
on the surface normal to the (110) direction. This 
evidence together with the roughness of the 
surface indicates that the surface normal to the 
(110) direction is not ‘pure’ which may account 
for the low A* value associated with this direc- 
tion. On this basis one would expect on the 
surface normal to the (110) direction the exist- 
ence in considerable proportion of crystal faces 
whose work function is higher than 4.65 volts. 
Thus the values of A* do not possess any unique 
physical significance but are strongly influenced by 
the lack of purity of the crystal surfaces as well as 
by inaccurate knowledge of the surface area," tem- 

18 The surface gradients which exist even if the whole 
single crystal wire were made up of the pure crystal faces 
as well as the initial thermal velocities of the electrons 


spoil the “projection” properties of the tube for voltages 
under about 1000 volts. 
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reflection effects." 

As seen from Table I, a considerable part of 
the surface of the single crystal wire has values 
of go as low as 4.35 electron volts. The average 
¢o over the whole crystal wire as given by the 
temperature dependence of the emission from 
the whole wire would be only slightly larger than 
this value of 4.35. The accepted value of this 
average go for tungsten wire not treated in the 
special manner outlined here is about 4.50 ey, 
This seems to indicate that the special heat 
treatment starting from polished wire exposes 
crystal faces which do not occur in appreciable 
degree in the ordinary samples of wire. However, 
the go given in Table I for the (001) crystal 
direction nearly coincides with the average value 
for ordinary wire.’ Furthermore, the empirical 
A* for ordinary polycrystalline unpolished tung- 
sten wire is around 60. The Schottky data" for 
this ordinary wire as well as the electron projec- 
tion tube data! indicates the patchy nature of 
these surfaces showing that the value of 60 is 
really not characteristic of any of the pure 
crystal facets occurring in these samples. 

Further work is under way to check the gen- 
erality of the results reported here and to extend 
the measurements to thoriated and caesiated 
tungsten crystal surfaces. 

I am indebted to many people who have given 
assistance in this work. In particular, I wish to 
thank Professor W. B. Nottingham, who directed 
this research, for his continued interest and many 
helpful suggestions. To Dr. R. B. Nelson, who 
constructed the tube used for the thermionic 
measurements in this work, I am grateful for 
valuable advice. Mr. Lawrence Ryan assisted in 
the glass blowing operations required in this 
problem. I am grateful to the Charles A. Coffin 
Foundation, established by the General Electric 
Company, for the Coffin Fellowship during the 
tenure of which this work was done. 

* R. P. Johnson, Phys. Rev. 54, 459 (1938) sen that 
under certain conditions tungsten filament surfaces tend 


to expose mainly faces normal to the (001) crystal di- 
rections. 
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In the presence of an electrostatic field (but not for a static world scalar or magnetostatic 


field) the stationary solutions of the quadratic relativistic wave equation for scalar particles do 
not form an orthonormal set. In spite of this they may in general be used to introduce normal 
coordinates for the quantum theory of this field. If the wave field and its canonical conjugate 
are expanded in terms of these stationary solutions, then the commutation laws for the ampli- 
tudes follow from the wave field commutators and the assumption of the integrability of the 
classical wave equation for arbitrary initial function and time derivative. Parallel considerations 
are applied to the vector field. An alternative method is described that involves the introduction 


of orthonormal functions and the construction of a “particle Hamiltonian.” 





I. 


HE scalar and vector wave fields may be 

quantized according to Bose statistics by 
taking canonical commutation laws for the wave 
fields and their canonical conjugates. However, 
it has not been clear that the Hamiltonian can 
be brought to diagonal form by means of a 
unitary transformation when there is a static 
electric field present. When the electric field 
vanishes, and there are only static magnetic and 
gravitational fields present, the Hamiltonian is 
readily brought to diagonal form. One can easily 
understand why this is true. If we make a time 
Fourier analysis of the field we find: (a) all of 
the frequencies are real; (b) to every positive 
frequency there corresponds a negative frequency 
with equal magnitude, and the space dependence 
of the Fourier coefficients of the positive fre- 
quencies is the same as that of the corresponding 
negative frequencies; (c) the Fourier coefficients 
form a complete set of orthogonal functions in 
the space variables. 

The situation is quite different when there is 
a static electric field present: (a’) the frequencies 
are not necessarily real, although there exist 
potentials for which they are; (b’) there is no 
direct correspondence between the positive and 
negative frequencies or their Fourier coefficients ; 
(c’) the Fourier coefficients do not form a set of 
orthogonal functions. If the frequencies are real, 
Pauli! has shown, in spite of (b’) and (c’), that 
the total charge and energy take their canonical 


form in terms of the Fourier amplitudes of an 


''W. Pauli, Princeton mimeographed notes (1935). 
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unquantized field. Our principal task is to show 
that Bose quantization of these amplitudes is 
equivalent to the canonical commutation laws 
for the wave fields. 

Furthermore, in the cases where (a,),c) are 
true, it is possible to show that the frequencies 
and Fourier coefficients are the eigenvalue and 
eigenfunction, respectively, of a Hermitian oper- 
ator, which may be interpreted as a “particle- 
Hamiltonian”’ for the individuals of an Ejinstein- 
Bose ensemble. In this paper we show how such 
a “particle-model” may be constructed in the 
case of the breakdown of (b,c), although not if 
any of the frequencies are complex. 


Il. 


We will be concerned in this section only with 
electrostatic fields &= —VV. The Lagrangian for 
the scalar field then becomes 


te) te) 
e=(——iev)w(—+iev)v 
ot ot 
—Wt-W—-wy. (1) 
The momenta canonically conjugate to y and 
y* are: 
x =0L/8(dp/dt) =9* —ieVy*, 
n* =0L/0(dy*/dt)=p+ieVy. 


The Hamiltonian for the system, obtained in 
the usual way, is: 


(2) 


H= f Ude, (3) 


*W. Pauli and V. Weisskopf, Helv. Phys. Acta 7, 709 
(1934). 


























with 
U=n*r+Vy*- V+ teV, (4) 
where the charge density p is given by 
p=te(r*y* — my). (5) 


These expressions will be considered to be sym- 
metrized whenever we use them quantum- 
mechanically. 

From the Hamiltonian (3) we can immediately 
find the Hamiltonian equations of motion, which 
are, of course, equivalent to the Lagrangian 
equations. 


¥=6H/ix=x*—ieVy, (6) 
* =6H /ix* =r+ieVy*, 


a= —bH/ip=Ay*—y*+ieVz, (7) 
a* = —$6H/dy* =Ay—y—ieVa*. 


The usual method of quantizing this Hamiltonian 
is to suppose that the y, ¥*, 7, and x* satisfy the 
following commutation relations: 


[¥(x), a(x’) ]=15(x—x’), (8) 
[y*(x),4*(x’) ]=16(x—x’), 


and all other commutators zero. With these 
commutators it is easily shown that the time rate 
of change of any function f(y,y*,2,2*) is given by: 


if=[f,H] (9) 


In particular, the equations of motion for y, y*, 
a, and x* are (6) and (7). 
One can also see that: 


ig=(¢,H ]=0, (10) 
where a= f ode (11) 


is the total charge of the system. 

Because of (10), both g and H should be 
simultaneously diagonalizable. It is, however, 
quite difficult to carry out the diagonalization 
explicitly using the commutation relations (8), 
because of the occurrence of V in the right-hand 
side of Eqs. (6). For this reason, we have carried 
out the quantization in a different manner, but 
we will show later that this quantization is 
equivalent to (8). 
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II. 


If we substitute +* from (6) into (7), treating 
y as a classical field, we find that ¥ must Satisfy 
a second-order partial differential equation 
namely, the Klein-Gordon* equation 


(8/at-+ieV)y=Ay—y, (12) 


with a similar equation for y*. 
“Any’’* arbitrary function ¥(x,t) may be 
written 


Y(x,t) = f dEye-‘Frty, (x). (13) 


If ¥(x,t) is to satisfy the K-G equation, then the 
¥x(x) must satisfy: 


(Ex—eV) Yi =i — Ax. (14) 


As a consequence of this, the general solution of 
(12) may be written: 


Y= Zak, (15) 


where the ¥;(x) are all of the solutions of (14) 
satisfying suitable boundary conditions, and 


where 
Gy = —1E;0,. (16) 


(For the present, E; is assumed to be real.) 

It should be noted that, in general, the func. 
tions ¥; are not orthogonal to one another, but 
satisfy an orthogonality relation of the form: 


f veBi+E.—2eVydo=0 (k#¥l), (17) 


which has the weighting factor (E,+£;—2eV). 
For all R, /, 


f Va*(ExtE:—2eV)¥dv= eden (18) 


where e, is a number, which depending upon the 
particular ¥;, may be either positive or negative. 
The case where some of the ¢, vanish will be 
treated separately ; it is connected with the Klein 
paradox. This division of the ¥; into states with 
positive and negative ¢, corresponds, as we shall 
see, to the division of the system into states of 


? K-G will be used as an abbreviation for Klein-Gordon. 

‘The quotation marks mean that this is true for any 
function which is sufficiently regular and which remains 
bounded at positive and negative infinite times. 
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positive and negative charge. For the total 
charge is given by 


g=ie f (*v*— ava. (19) 


Because ™*=y~+ieVy, we find 
a* = —12,0;(E,—eV) yx, etc. (20) 


_ The total charge then becomes: 


g= Zax" ax€x, (21) 


in which the division into states of positive and 
negative charge is evident. 

A similar simple calculation gives the Hamil- 
tonian its canonical form: 


H= D,.0,*0,E pe. (22) 


TRANSITION TO g NUMBERS 


Our procedure for quantizing this Hamil- 
tonian, which up to this point has been treated 
classically, is to find commutation laws for the 
a, and a,* so that for any function f(a;,a,*) we 
have if=(f,/7], or, in particular, 


1a, = (ax, |= Exay. (23) 
We suppose that [a:,a; ]=([a,*,a,* ]=0, and then 


E,ay= 2 €:E iL a,a;*a,—a;*a,0; |, (24) 
E,a.= EF i[ay,a:* Jar, 

from which we see that we must take: 

[ay,a.* |=5x1/ex. (25) 


The characteristic values of the symmetrized 
form of a,*a, are: 


}[a.*ar+axax* |= (Nit+})/|ex| ; 
N,=0,1,2,-°--. (26) 


The total charge and energy then become: 


qg=eXn(Nit})ex/lex|, (27) 
H= Z,Ex(Nit}ex/|ex|, (28) 

where 
ex/|ex| = +1. (29) 


In order that the total charge vanish when there 
are no particles present, we must set the con- 
ditionally convergent series D,¢./|«| equal to 





zero. This can be done even when electrostatic 
fields are present. Then the charge becomes: 


q=eLNuex/ | €x|. (30) 


IV. 


We have given a quantum theory of this field 
by quantizing the normal coordinates a,. We 
must show that this method of quantization is 
equivalent to taking the Einstein-Bose commuta- 
tion laws (8) for y, ¥*, 7, and x* and all other 
commutators zero. 

We discover, using the commutation laws for 
the a, and a,*, that: 


LY (x) W*(x’) ]= Zeer Wa(x)ya*(x’), (31) 


[ W(x) a(x") ]=12 pen W(x) pn*(x’) 
XLE.—eV(x’)], (32) 


[e* (x) w(x’) ]= Deen Wa (x)pn*(x’) 
< (E.—eV(x) JLE.—eV(x’)]. (33) 


All other commutators vanish, except the com- 
mutator of ¥*(x) and r*(x’) which is the complex 
conjugate of (32). 

If the commutation laws (31), (32), and (33) 
are to be the same as the usual ones, then the 
functions ¥; must satisfy the following identities : 


Dex We(x)yn*(x’) =0, (34) 
Leen We(x)Pa*(x’) Ep =5(x—x’), (35) 
Deen Wa(x)yn* (x’) Ey? = 2eV(x)i(x—x’). (36) 


The validity of these identities will be proven 
by constructing the Green’s functions for the 
K-G equation. We observe that every solution 
of the K-G equation which remains bounded in 
time may be written: 


vy = D,a,°e7 Fe, (x), (15a) 


in which the a,° are arbitrary numerical con- 
stants, and the time variation of y is written 
explicitly. Since ¥ satisfies a second-order differ- 
ential equation in time, we must specify not 
only the initial value of y but also its time 
derivative at the initial time, say ‘=?#’, in order 
to calculate y at other times. This means that 
the values of a,° depend not only upon the initial 
values of ¥, but also upon those of ¥. Further- 
more, because “every” solution y may be written 
in the form (15a), there must exist a,° so that y 





































and y will take on arbitrary initial values at 
t=?’, 

From the fact that the differential equation 
is linear in y and of second order in the time 
derivatives, there will exist two Green’s functions 
G(x,t; x’,t’) and L(x,t; x’,t’) by means of which 
we can calculate the value of ¥ at ¢ from the 
values of y and y¥ at ?’, namely: 


¥(x,t) = f G(x,t; x’ ,t/’)(x’,t’)do’ 


+ f Leesa’ ta’ t)de’ (37) 


We will construct the functions G and L as 
bilinear forms in ¥;(x) and y,*(x’). We write for 
the initial values of y and y at t=?’: 


V(x’) = Trane F(x’), (38) 
W(x’ ,t’) = —12,0,°E ye *F*"'y,(x’), (39) 


knowing that a;° exist which will give them any 
pre-assigned values. 

If we multiply y(x',t’!) by et#y,*(x’) 
<[E:—2eV(x’)], and ¥(x’,t’) by te*®’y,*(x’), 
add the two results and integrate over all space, 
we find: 


caret fy %(x’ 


X (Ei 2e V(x’) W(x’) +ib(x',t’) }dv’, (40) 


or, since we are supposing all «, 0, 
atm er teste f yit(e') 


x {[E1—2e V(x") W(x’) +i (x) }do’. (41) 


If we place this value of a;° in Eq. (15a), we 
find the following expressions for G and L: 


L(x,t; x’t’) =iZpe,—"e EMO (x) Ya" (x"), (42) 
G(x,t; x’t’) = Dye, te BHC’ — 
X da(x)a* (x) [Ex —2eV(x’)]. (43) 


These expressions (42) and (43) are the Green’s 
functions for the K-G equation and give y and ¥ 
their initial values (38) and (39) at t=2’. Since 
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y and y are arbitrary at t=’, we see from Eq, 
(37) that: 


L(x,t' ; x’ ,t') =iZ nen "Wa (x)Yn*(x’) =0, (44) 


G(x, ; x’ ,t’) = Zen W(x) pi*(x’) 
X[Er—2eV(x’) J=8(x—x’). (45) 


Equation (44) is the identity (34), and Eq. 
(45) is equivalent to identity (35). By differ. 
entiating Eq. (37) with respect to the time, one 
finds, for the same reasons, that: 


dG(x,t; x't’)/dt| see = —tZ,€4-"Y(x) 
Xva* (x) ExL Ex —2e V(x’) J =0, (46) 


which is equivalent to identity (36), since identity 
(35) is true. The differentiation of LZ in (35) with 
respect to time gives us a repetition of the proof 
of identity (35). 

In this way we have proven that our method 
of quantizing the scalar field is equivalent to the 
usual method of quantization under the cop- 
dition : 


that for arbitrary initial y and y, the K-G 
equation may be integrated to give a y 
which remains bounded in time. (47) 


There exist potentials for which this condition 
will not be satisfied: if this happens it can be 
shown that the Hamiltonian and charge cannot 
be simultaneously diagonalized when the com- 
mutation relationships (8) are satisfied. 


V. 


The methods of Sections II to IV may be 
employed to extend the results there obtained 
for the Pauli-Weisskopf scalar field, to the case 
of the mesotron vector field. The mesotron Ham- 
iltonian has been given by Yukawa and Sakata’ 
in terms of the vector field-coordinates y, y* and 
their respective canonically conjugate momenta 
mw, w*® as: 


H= f {x-2*4+(D%-1)(D-4" 


+(D*Xy¥*):-(DXy¥)+eV+yY*-yj}do, (48) 


5H. Yukawa and S. Sakata, ‘“‘The Interaction of Ele 
mentary Particles III,’’ Proc. Physico-Math. Soc. Japan, 
Ser. 3, 20, 319 (1938). 

* Vector signs will be omitted, for convenience, on the 
symbols like ¥, D, a, G. (-) and [X] have their usual 
meanings. 





In 


mt 


or 








m Eq, 
(44) 


(45) 
d Eq, 
differ. 
e, One 


(46) 


entity 
) with 
proof 


ethod 
to the 


(47) 
dition 
an be 


annot 


ay be 
‘ained 


Ham- 
kata’ 
* and 
nenta 


(48) 


of Ele- 
Japan, 


on the 








where A, V are the vector and scalar potentials 
of the electromagnetic field (assumed time- 
independent) and where we define 


D=V-ieA, D*=V+ieA, (49) 
and where the charge-density p is given by 
p=te(n*-y*—a-y). (SO) 
Using Green’s theorem, one may write (48) in 
the form 


a= { {x-[x*-D(D-x*) —ieV9] 


+y*-(¥+DX(DXy)+ieVar*]}dv. (51) 


By varying « and y* and their complex conju- 
gates, we may obtain the classical Hamiltonian 
equations of motion : 


g*= —6H/5y* = —DX(DXy)—Y—ieVr*, (52) 
y=sH /ix =2* —D(D-x*) —ieVy, (53) 


and conjugates. Under restrictions similar to 
those in (13), one may make a Fourier analysis of 
y and x* with respect to the time: 


y= Dye Fety,, at = Dye- ibe ty *, (54) 


In order, then, to satisfy (52) and (53), we 
must have: 


i(E,—eV)mi*=¥itDX(DXyx), (55) 
—i(E,—eV)¥i=ae*—D(D-m,*); (56) 


and, for the present, we shall assume £;, real. 
From (55) and (56) one easily obtains: 


[ig-ernve m.e* + (E,—eV)px- wi, }dv=0, (57) 


[Gener Er-eV)n-¥it\do=0, (58) 


which may be combined to give the analog 
of (17): 


(Ex—Epi f (Wit-m*—Ya-s)d0=0, (59) 


or 


if item —Ya-nildo= ede (60) 


As before, the sign of e, will determine the sign 
of the charge of particles in the kth state, so 
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that, for the moment, we shall exclude the possi- 
bility ¢,=0, treated separately in the succeeding 
paper. 

We may now proceed to the quantum theory 
by symmetrizing all bilinear expressions in 7, 
y, r*, y*, and by redefining y, x* in terms of a 
sequence of operators a, independent of the 
space-variables but dependent on the time. We 
shall take: 


v=Z.aek, 


corresponding to the general classical solutions 
of (54). Applying (60) to (50) and (51), one finds 


a*=2,a,7;,", (61) 


a= [edo =2s(ax%as-+a10,*)e4/2, (62) 


H= Le Ey(a,*a, +a,a,*) e./2, (63) 


for the total charge and energy, respectively. 
(This is comparable to (21) and (22) in the Pauli- 
Weisskopf case.) To obtain the quantum analog 
of the canonical equations, we must take 


id, = Exar =([ax,H1], (64) 
which, in general, will require 
[ax,a.* ]=Sn1/ex, [axa:]=[ax*,a.*]=0. (65) 


This, of course, results in Bose quantization of 
the states numbered by k, as shown by the results 
(26) to (30), which now follow exactly as before. 

It is not clear, however, that these equations 
represent the quantization of the mesotron field, 
until one can demonstrate that y and x defined 
by (61) and (65) satisfy canonical commutation 
laws as in (8). For the vector-functions y, 7, one 
must then be able to prove: 


[a-¥(x),B-x(x’)]=i(a-B)Ke—-2), (66) 
[a-y*(x),B-x*(x’)]=i(a-B)3(x—2’), 


all other commutators zero, for arbitrary con- 
stant vectors, a and 8. By (65), we find, however: 


[a Y(x),B-¥*(x") J= Zeer ta: Pe(x)B-v*(x’), 
[a (x),B- w(x’) ]= Trex ta Pa(x)B- w(x’), (67) 


* Lae e*(x), B+ 3(x’) ]=Zrex a r*(x)B- x(x’), 


[a e*(x),B-p*(x’) ]=Zpex ta: r*(x)B-y*(x’), 


all other commutators zero. If these are to be 
equivalent to (66), the following identities must 
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then be shown to be valid: 


Drew tae Pe(x)B-Y*(x’) 
= D,.e, 1a: 1.*(x)B ‘ 1,(x’) =0, (68) 


Lex Iq v.(x)B ° 1 ,(x’) 

= — Dre, a " 1.*(x)B -W,*(x’) =1(a . B)5(x—x’). (69) 
We may prove (68) and (69) by returning to 

the classical equations (52) and (53). If they 

exist, the following vector functions form a 

system of Green’s functions for (52) and (53): 


G(x,t 3 x" ,t’) = —tZpe, eB — My (x) r(x’), 


L (x,t; x’ ,t) =iZ pen te FMV - Ya (x)Ya*(x’), 
(70) 


T'(x,t 3x’ ,t’) = —id pe, 1e Be O @- ,* (x) r(x’), 
A(x,t; x’ ,t’) =i pe, 1c 1H’ — Oe: 1, * (x) Ye*(x’), 


in the sense that 


avlced) = f Gla x’,t’) -(x’,t’)dv’ 


+ f L(x,t; x’,t!) > 2*(x’,t’)dv’, 
(71) 
art(xi)= f T(x; x’ ,t') W(x’ ,t/’)dv’ 


+ facets x,t’) + 2*(x',t')do’. 


(71) may be verified by applying (54) and (60) 
to the general solution of (52) and (53). 

Because the latter form a linear system con- 
taining only first derivatives in the time, it is 
assumed that we may assign initial values inde- 
pendently to y(x,t), x*(x,t) for all values of x 
at some time ¢=?’, when y, 7* are expressible in 
the form (54). This is equivalent to the assump- 
tion in Section IV that y and y¥ may be given 
arbitrary, independent, initial values. Choosing 
this pair of initial values as 0, Bé(x—<x’) at 
t=?’ in (71): 


L(x,t’; x’,t’)-B=T (x,t’; x’,t’) -B=0, (72) 
G(x,t’ ; x’,t’)-B=A(x,t’; x’,t’)-B 
, =(a-B)5(x—x’). (73) 


Making use of the definitions (70) in (72) and 
(73), shows the latter to be identical with the 
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desired relations (68) and (69); and hence the 
validity of (66) is proved. 

In this way we have shown how to bring the 
energy of the mesotron field into diagonal form 
in the presence of static electromagnetic fields, 
subject to the restriction of (47). 


VI. 


In this section we deal with the problem of 
finding a transformation from canonical field 
coordinates ¥(x), w(x) to new field quantities 
$4(x), ¢-(x) in terms of which the charge g and 
energy /H/ take their diagonal form: 


ies ef {$4*4—_-*_} dv, (74) 


H= f [b4*2.b,+d-"2-G_}dv, (75) 


where the products of ¢’s are to be taken sym. 
metrized, and where 2+ are Hermitian, linear, 
functional operators on the space-coordinates, 
We shall also require the commutation rules 
corresponding to the Einstein-Bose quantization 
to hold: 


[o+(x),64*(x’) ] 
=[o~(x),¢-*(x’) ]=6(x—x’), (76) 


all other commutators zero. 

If the ¢’s are expanded in terms of the ortho- 
normal set of eigenfunctions of the corresponding 
Q+, one obtains the canonical forms of Section 
III, (25), (27), (28). This means that 2+ may be 
interpreted as a Hamiltonian for a single particle 
of charge +e; and the field may then (insofar 
as the total charge and energy are concerned) 
be interpreted’ as an Einstein-Bose assembly of 
such particles. 

Pauli and Weisskopf? have shown how to Con- 
struct a “particle Hamiltonian” of the scalar 
mesotron field when no external fields are present, 
by means of the transformation’ 


y=2-4(1—A) "(4 + ¢_*) ; 
w=12-4(1—A)*(¢,*—@_), (77) 


7 The “‘square root of a Hermitian operator C’’, C', oper- 
ating on any function f may be defined by expanding f 
in eigenfunctions x of uv. 

Gye=Cue, 
for then we may set 
Cif =ZeCe fuerve 


f= Zeferve 
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with Q,=2_=(1—A)!. (78) 


One sees clearly how to modify the transforma- 
tion when magnetostatic fields VXA(x) or 
world-scalar fields —VK(x) are present: . 


p=(20)-"(6,+6-*), r=i2-4101(4,%—4_), (79) 
with 2,=2.=O, O?=K(x)—(V—ieA)*. (80) 


When electrostatic fields, &=—VV, are pre- 
sent, however, it is not at all easy to obtain such 
a transformation. The behavior of positive and 
negative charges in this field is essentially differ- 
ent; and 2+ must be different operators which 
are interchanged by changing the sign of e. The 
dificulty also may be understood formally from 
the fact that the solutions of the K-G equation, 
in this case, are not properly orthogonal. 

It may be shown that when it is possible to 
obtain ¢+ by linear functional transformation on 
rand y, this may be done in the form: 


¥=(0+0")-*(¢,+¢4_*), 


r=i(0+0')-(0'¢,*-0g.), 82 
where O is defined as a solution of 
O?+e[0,V]=1-4; (82) 
and O' is the operator complex-adjoint to O, 
satisfying 
(O')?—e[ Ol, V]=1-—A. (83) 


The energy operators are given by 


2,=(0+0")'(0+eV)(0+0%)-, 
2. =(0+0')(Ot—eV)(0+01)-1. 


From the work of the preceding sections, it is 
not surprising that the characteristic values of 
Q+ turn out to be +E;, where £, are the fre- 
quencies corresponding to the solutions ¥ with 
«/|@|=-+1 of the Klein-Gordon equation with 
the given potential V. The connection between 
the eigenfunctions ¢+™ of Q+ and the corre- 
sponding solutions y, of the Klein-Gordon 
equation is: 


¢2=(O+0')W, — @/|ee|=+1, (85) 
with Q2¢2= +Epoe™. (86) 


(84) 


These last remarks make clear the limitations 
under which it turns out that one may construct 
a “particle-Hamiltonian” of the field with the 
aid of a linear functional transformation : 
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The Klein-Gordon equation must satisfy the 
restrictions of (47); and, in particular, the fields 
must not be so strong that there occur any 
Klein-Gordon solutions with «&=0. In this 
formulation of the problem, complex frequencies 
E; may not occur because of the Hermiticity of 
Q+. These cases are discussed separately in the 
following paper. Thus, when the total Hamil- 
tonian and charge may be diagonalized at all, 
the “‘particle-Hamiltonian” discussed here may 
be constructed. 

When high Fourier-components of V are not 
present, one may neglect |[A,V]|<1; and as- 
suming that all momenta p<1, the equation 


defining O becomes 
O=1-A, Of0-1-}a. (87) 


In this nonrelativistic limit, we obtain the 
ordinary Hamiltonians for particles of charge +e. 


2,-1-—fA+eV, 2 —1-—4A-eV, 


$422-"(y+in*), (88) 
o-—2-1(y*+ir), (89) 
where r*=p+ieVy. 


The O equation may be solved exactly in the 
simple case of a homogeneous electric field of 
infinite extent eV=x/a, a>0O. Although the 
analogue of the Klein paradox is certainly present 
in this case, there are no solutions of the Klein- 
Gordon equation: 


(1—A)ye = (Ex —x/a) x (90) 
If we set p=-—i(d/dx), [0,V] 
= —(i/a)-(dO/dp), and O is determined by 


with «&=0. 


O*— (i/a) - (dO/dp) =1+ 9’. (91) 
We may define w(p) by 
(—1t/a)(d/dp In w™) =O (92) 
and en w must satisfy the simple equation 
(d?/dp*)w+a*(1+p*)w=0. (93) 


In this case, where O is a function of p alone, 
[0,0']=0, and we may write 


(0+0')> =ww!'/W. (94) 



























SE 
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From (84) and (92), 


2, =(—i/a)[d/dp In (w/w*)*]+ (é/a)d/dp, 
Q_=(—i/a)[d/dp In (w/w*t)*]—(i/a)d/dp, (95) 


dw/dp w 


dwt /d p wt (96) 


where W=(-—i/a) | 





is a real, constant number, which should be taken 
positive to make (O+0")! Hermitian. 

The orthonormal eigenfunctions ¢+ defined 
by (86) are given explicitly by (95) in the form 


62% (x) =al/2e f (w/wt)+ler(e-2Fe) dp, (97) 


One can easily verify that ¢+™ are orthonormal 
in the sense: 


f o2* 2 dx = 6(E,—E)). 
From (85), (94), (97) one obtains: 
+00 
¥e(x) = (1/2) (a/W)3 f w(p)er=-sF)dp (98) 


for a state k corresponding to positive charge. 
By a brief calculation, one may verify that 
¥x(x) actually satisfies the Klein-Gordon equa- 
tion and the required relation (18): 


+00 
f Vi*(E, +E; —2x/a)y dx =6(E,—E)). 


Because of the covariance of the wave functions 
under translation of the origin of coordinates, 
there is some freedom of choice of w, the only 
restrictions on solutions of (93) being that W>0 
and that the integrals defining y;, and ¢4™, (97) 
and (98) must exist. Here we choose w so that 
the asymptotic behavior of ¢4 (x) for large 
values of |x| is simply obtainable. For large 
values of |p|, we take 


wo()/at(p) ~erKialD1In vto'40), (99) 


where # is a real constant depending only on a. 





Then: 
$4 (x) ~o_™ (—x) 


~ (2m) be 28/24 ( ia/2) (in Ee? +04 4/2) | 
$4(—x)~g_O(x) a. 


~ (22) te~“ ia/2)(In &e—Ek?+0+ 2/20) 


for large positive values of x and & = (x—aE,) /q, 
The transmission coefficient e~**?, analogous to 
that of Dirac’s electron theory, appears in these 
results. 

In a recent paper, Kemmer® has carried 
through a linearization of the Proca® and K.G 
equations with the aid of Duffin’s"” 5- ang 
10-rowed matrices. Although the energy appears 
in a form analogous to (75), 


H= -i f vie.ccwde, 


where i¥ =3V, one should observe that, in our 
units, (h=c=m)=1), 


0 
H=eV+BeX ZL Be,Bs -— 
OX; 


+ (e/2) 28s { [BBs +6}, 


where (§;,8, are Hermitian matrices, and 
& = —OV/dxx, (k=1, 2, 3) are the field-strengths 
of the external electrostatic field. Thus % is not 
Hermitian, but contains noncommuting Her- 
mitian and skew Hermitian parts proportional 
to &. This is intimately connected with the fact 
that the eigenfunctions of 5X (essentially the 
y's) are in general not orthogonal and that 
characteristic values of 3 may be complex. These 
limitations must be kept in mind in applying 
Kemmer’s particle-Hamiltonian. 

We should like to express our thanks to Pro- 
fessor J. R. Oppenheimer for his suggestion of 
the problem and for continual advice and en- 


couragement during the course of its solution. 


8H. eoong a? Proc. Roy. Soc. A173, 91 (1939). 
* A. Proca, de phys et rad. [VII] 7, 347 (1936). 
WR. J. Du n, Phys. Rev. 54, 1114 (1938). 
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On The Existence of Stationary States of the Mesotron Field 
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For some electrostatic potentials, such as that represented by a sufficiently deep well, the 
Pauli-Weisskopf wave equation has complex frequencies. It is shown that when this happens 
the quantized field Hamiltonian can no longer be diagonalized. Some points of similarity and 
difference between this theory and the Dirac positron theory are discussed. 





T has been shown in the preceding paper’ 
that the quantized field Hamiltonian of the 
Pauli-Weisskopf theory can be brought into 
diagonal form by a unitary transformation when 


lieite f Vi(Ex+E*—2eV\yido (1) 


is diagonal. Here, the orthogonality relation 
between solutions y of the differential equation 
is x:(Ex—E.*) =0. It is apparent that when any 
of the E, become complex, «: is no longer 
diagonal, ¢,=0, and the formalism of the pre- 
ceding paper breaks down. In Section I of the 
present paper we show that complex frequencies 
actually can occur for a simple type of potential. 
In Section II it is shown that under these 
circumstances the Hamiltonian can no longer be 
diagonalized. 


I. 


The existence of complex frequencies of the 
Klein-Gordon differential equation is most 
readily demonstrated by solving the equation 
explicitly for a square well electrostatic potential. 
We take a potential that is attractive for a 
particle of charge e: eV(r)=—V.<0 for r<a, 
and eV(r)=0 for r>a; the character of the 
results obtained below for this potential do not 
depend on the discontinuity of V(r) at r=a. The 
equation separates in spherical coordinates, and 
it is sufficient for our purposes to consider only 
the spherically symmetric part ~o=u/r(l=0). 
The regular solution for a bound state of fre- 
quency E, which we shall assume for the moment 


1H. Snyder and J. Weinberg, Phys. Rev., this issue; 
gee of this paper are referred to as I(34), for example. 
é units used in both papers are such that c=h=m,)=1. 
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to be real, corresponds to E?<1, (E+ Vpo)?>1, 
and is: 


u=A sin (tr/a), r<a, (2) 
u=A sin -exp [—7n(r/a—1)], r>da. 


Here, §=a[(E+ Vo)?—1}*, n»=a(1—£*)!, and the 
boundary condition at r=a gives: 


E cot = — 7. (3) 


The solution of Eq. (3), giving E in terms of 
Vo, may be found by plotting cot ¢ and —7 
against E for various values of Vo. It is found 
that there is no solution such that E*<1 for 
small Vo; for Vo<2 but greater than a value Vi, 
there is just one root E, that decreases from +1 
as Vo increases. This state of affairs continues 
for Vo somewhat greater than 2 but less than a 
value V2, at which point a second root Ez» 
slightly greater than —1 appears. As Vo in- 
creases further, E, continues to decrease while 
E: increases, until for a value V; of Vo the two 
roots come together and the solutions become 
identical. For Vo>Vs3, the roots are complex 
and their solutions complex functions that are 
regular for all r. The pair of roots and the pair 
of solutions are then complex conjugates of each 
other. For sufficiently small a, V; can be greater 
than 2, while V2 and V; are always greater than 
2; all three decrease with increasing a. 

We can readily evaluate « from Eqs. (1) and 


(2): 


e=4nrA*a[ (E+ Vo)(1—sin & cos &/€) 
+E sin* /n], 


from which it follows that 


e= — (4rA?* sin? £/a)[(0/dE)(E cot £) 
— (8/8E)(—1)]. 


By comparison with the slopes of the curves of 
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Fic. 1. The frequency E of the Klein-Gordon equation 
with a square well potential in a “7 box, as a function 
of the depth Vo of the potential, for /=0. 


cot and —7 against E, one sees that e>0 for 
the root E;, «<0 for the root Ez, and e=0 for 
E,=E:2(Vo= V3) since the two curves are tangent 
to each other at this point. This behavior of the 
lowest frequencies and their e’s is followed by 
the higher roots that arise from the other 
branches of the £ cot & curve. 

It is instructive to follow the behavior of the 
frequencies in the continuum as well as for 
E*<1, in order to ascertain whether or not 
anything happens in the continuum to make up 
for the loss of pairs of real discrete eigenvalues. 
This can be accomplished by placing the po- 
tential well at the center of a spherical region of 
radius R>a, at which the current is made to 
vanish. The ‘“‘continuum” (Z?>1) then consists 
of a set of closely spaced discrete states. The 
(unnormalized) regular solutions are properly 
joined pairs of the following: 


u=sinh (Ar/a), r<a, (E+ Vo)? <1, 
u=sin (tr/a), -r<a, (E+ Vo)?>1; 


u=sinh [(n/a)(r—R) ], r>da, F<1, (5) 
u=sin [(u/a)(r—R) ], r>a, E*>1; 


where \=a[1—(E+Vo)*}!}, w=a(EH?—1)'. The 
positions of the roots are most readily found by 
plotting the logarithmic derivative of Eqs. (4) 
against (E+ Vo) and the logarithmic derivative 
of Eqs. (5) against Z, superposing them on each 
other with the origin of the former curve shifted 
to the left by a variable amount Vo, and picking 
off the values of E for which intersections occur. 
The schematic curves of Fig. 1 were obtained in 


(4) 
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this way; they move to the left and crowd 
together as a increases. It is seen that the lowest 
level of the upper “continuum” (Z>1) and the 
highest level of the lower “continuum” (E < —4) 
come together fist, then the second lowest of 
the upper and the second highest of the lower 
“continuum,” etc. Thus the confluence of a Pair 
of roots represents a genuine replacement of a 
pair of real frequencies by a conjugate complex 
pair of complex frequencies, accompanied by no 
other gain or loss of roots. 

It must be remembered that the contribution 
of one of the real frequencies to the quantized 
field energy and charge is given by NEe and 
Nee, respectively, where N is the occupation 
number for the state in question. Thus the 
frequency £;, represents (for N=1) a particle of 
charge e bound by an attractive potential, while 
the frequency E: represents a particle of charge 
—e bound by a repulsive potential such that its 
energy is between 0 and 1. It should be re- 
marked again that all of these results follow in 
qualitatively similar fashion for any sufficiently 
deep and broad potential well, and do not depend 
on the discontinuity of the above chosen V(r) 
at r=a. 

In view of the paradoxical result italicized 
above and the appearance of complex frequencies 
for sufficiently deep and broad potentials, it is 
of interest to see if similar results obtain in the 
case of a Dirac particle. Separating in spherical 
coordinates in the usual way? and considering 
only the pair of solutions of lowest angular 
momentum (j=},x=+1), we obtain for the 
(unnormalized) solution corresponding to the 
first of Eqs. (5) and x= —1: 


rg=sinh [(/a)(r—R) ], 
rf =(1+E)~{(n/a) cosh [(n/a)(r—R) ] . 
—r~ sinh [(n/a)(r—R)]}, 


with similar solutions for the other three cases. 
The same procedure for finding the frequencies 
may then be followed as in the Pauli-Weisskopf 
case, except that the boundary condition at 
r=a is now that f/g be continuous. 

The behavior of the roots is plotted schemati- 
cally in Fig. 2; again the curves move to the 
left and crowd together as a increases. There is 


2H. A. Bethe, Handbuch der Physik 24/1, p. 312. 
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no crossing or disappearance of real roots; they 
simply move successively from the bottom of the 
upper to the top of the lower ‘“‘continuum.”’ If 
the vacuum is defined as that state of the 
system in which the total charge is equal to 
just that of the filled negative energy ‘‘con- 
tinuum” for Vo=0 and the energy is a minimum, 
then one sees that there are no bound positron 
states, and the paradoxical result obtained above 
for the Pauli-Weisskopf case does not occur 
here. For sufficiently large Vo, however, the 
vacuum is not the lowest possible energy state 
of the system, but differs from it by a charge 
and energy that are both finite for finite Vo. 
The states for x=+1 are obtained from the 
above by interchanging f and g and changing 
the signs of E and Vo; they behave qualitatively 
the same as, and are separate from, the states 


for x= —1. 
II. 


We have now to see whether it is possible to 
extend the methods of the preceding paper to 
this case that the Klein-Gordon frequencies may 
be complex. From the example given above it is 
clear that as the potential V is deepened, a pair 
of €:, one positive and one negative, vanish and 
that their respective frequencies E,*+ and E,- 
become equal: E,+=E,-=E. As the potential is 
further deepened complex frequencies appear. 
It is easy to see that quite generally the e, must 
vanish in pairs, since the identities I (34, 35, 36) 
must hold uniformly as the potential is gradually 
altered. 

For the special case that the potential is just 
deep enough to make a pair of ¢ vanish, energy 
and charge take the form 


H=(N,—N_)E+D'N.Exve/|e|, 
q= (N,—N_)eted.’Niex/| ex | ’ 


where the prime on the summation excludes 
states of vanishing «,. Since only (N,—WN_) 
occurs in these forms, N, and N_ cannot be 
determined by charge and energy alone, and 
the system is degenerate: an arbitrary number 
of pairs may appear without contributing to the 
energy. For this state charge and current 
density will in general be infinite. This situation 


is the extreme limit for which stationary states 
of the field may be defined. 





When complex frequencies E, occur, «,=0 
also; and we must restate the essential conclu- 
sions of the preceding paper. Defining: 


cam fy" Et E26 V)yxd2, 


and 
Df nr€ x =n, 
i 


we get: 
e.1(Ey —E;*) = 0 


—orthogonality relation ; 
9=€2 §(axai*+ai*ax)ext 
—total charge; 
H= 24 (aa *+41*ax) en rEx 
—total energy; 
L(x,t'; x’,t’) =1L fh We(x)yi*(x’) =0 
—Green’s function ; 
(v(x), y*(x") J= - Lax,a.* Wa(x)y.*{(x’) =0 


—commutation law. 














Fic. 2. The frequency E of the Dirac equation with po- 
tential as in Fig. 1, for j= 4, /=0, «= —1. 


Either from the requirement d,=—iEa, 
=[a,,H], or from the commutation laws I(8) 
taken together with the uniqueness theorem for 
the Green’s function, we obtain the commutation 
rules: 

[ana*J=fe, [arxae*J=fn*, (6) 


with all other commutators zero. 
If one state has the complex frequency 
E=U-++4W corresponding to a wave-function ¥ 
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and quantized amplitude a, then ¥* will also be 
a solution of I(14), with frequency E* = U—1W, 
to which we may assign a quantized amplitude 
b*. Since a, 5, a*, b* commute with all other 
ay, a,*, we may consider separately the terms 
go, Ho in gq, H, due to the former alone: 


qo/e=}(ab+ba)e+4(a*b*+b*a*)e*, 
Hy=}(ab+ba)eE+ 3(a*b*+b*a*)e*E*, 


where the complex number « is defined by: 
e=2 [ve-eV)ao, 


and where 
[a,b ]=e", [b*,a* }=e*-', (7) 


with all other commutators zero. We next define 
two Hermitian operators N, M: 


N=}(ab+ba)e+}(a*b*+b*a*)e*, 
M=(1/2i)(ab+ba)e—(1/2%)(a*b* +b*a*)e*, 


which satisfy [M,N]=0. In terms of these, 


go= Ne, Hy=NU-— MW. 


Simple application of (7) shows: 


[a,N]=a, [b,N ]=—), 8 
ee, ee [oMj=i» © 


It can then be shown that if a has one finite 
matrix element in the representation in which 
M is diagonal, then M has at least one complex 
eigenvalue. But M was defined to be Hermitian 
and cannot have complex eigenvalues. Hence if 
there exists a diagonal representation of Ho (and 
therefore of M) when complex values of E occur 
in I(14), the charge and current densities will be 
everywhere infinite. Since in this case there are 
no physically admissible solutions, we say that 
M cannot be diagonalized. 

The preceding discussion may be applied 
equally well to scalar or vector mesotron fields, 
since the generalized relations (6) hold in either 
case. 


and 


‘ SCHIFF, SNYDER AND WEINBERG 































In spite of the fact the M cannot be diagonal. 
ized, it is easy to find Hermitian matrices of 
infinite rank which satisfy (8). The off-diagonal 
elements of M in the rth row are of order + 
and the roots of the rth-order secular determi. 
nant for the characteristic values of M approach 
no limit as r—«. The physical origin of this 
divergence lies in the fact that the emission of 
pairs into these degenerate states stimulates 
because of the Einstein-Bose quantization, the 
further emission into these same states. 

The arguments given here show then that 
there are certain types of electrostatic potential 
for which it is not possible to find stationary 
states for the scalar field. A situation somewhat 
analogous to this occurs in the Dirac electron 
theory, with a Coulomb field and with Z>137, 
in the present scalar theory with Z>}-137, or 
even in nonrelativistic wave mechanics, for 
potentials a/r’?, for a< —}; in all these cases the 
S-state eigenfunctions become singular, and the 
set of functions satisfying the regularity condj- 
tions is not complete: wherever this is so, the 
field Hamiltonian cannot be brought to diagonal 
form. The case we have here considered, however, 
is unique in that the potentials V involved are 
nowhere infinite, and solutions of the Pauli- 
Weisskopf field equations free of singularities 
exist. 

In all these cases where the energy cannot be 
brought to diagonal form, we must take into 
account either existing deviations from the 
assumed potential, such as the breakdown of 
the Coulomb law at small distances, or the 
reaction of the pair field itself on the external 
field. In the simple case discussed in Section I, 
it is clear that no finite work can maintain the 
potential indefinitely, and the power necessary 
to maintain it for a finite time can be calculated 
from time dependent solutions of the field 
equations. 

It is a pleasure to thank Professor J. R. 
Oppenheimer for suggesting this problem and for 
many helpful discussions concerning its solution. 
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Generalized Theory of Diffusion 


E, J. HELLUND 
University of Washington, Seattle, Washington 
(Received September 21, 1939) 


The theory of diffusion in mixtures with more than two components has been developed as 
an extension of the theory of Enskog for binary mixtures. In particular, the various coefficients 
have been evaluated as functions of the binary coefficients of diffusion. Attention has also been 
given to the theory of osmotic diffusion in connection with the Loschmidt experiment. The 
analysis has been carried through in such a manner as to be applicable to Einstein-Bose and 
Fermi-Dirac gases as well as the Maxwell-Boltzmann Type. The paper has been divided into 
two parts which deal with first, pressure diffusion and second, with thermal diffusion. 





INTRODUCTION 


HE phenomena of diffusion are divisible roughly speaking into two classes which may be charac- 

terized as effects of the first and second orders, respectively. One generally considers in the first 

class the effects of pressure and potential gradients and in the second the effect of temperature 

gradients. In the treatment by means of perturbation theory the first class is a function chiefly of 

the first approximation to the first-order variation of the distribution function, while the second 
necessitates the consideration of the second approximation. 

Rigorous analysis of the problem of diffusion in mixtures of two gases has been given by Enskog 
and Chapman. The work of Enskog,' who first discovered thermal diffusion, allows with some modi- 
fication the generalization to mixtures with three or more components. It is evident with even first 
consideration that the proble.n of diffusion in this case is not simply a repetition of the theory of 
binary diffusion, since one immediately perceives that the possibility exists for diffusion induced by 
streaming of one gas through the mixture. This streaming roughly may be thought of as producing 
forces which act on each component gas with different magnitudes by virtue of the different inter- 
actions which exist between the individual molecules of each component. It is evident that, in special 
cases only, is the theory of binary diffusion applicable to mixtures. 

One encounters experimentally the condition of streaming by one component quite frequently. 
This state occurs for example when a source or sink exists for a given element. That is, whenever 
the removal or creation of an element (by such processes as the condensation and vaporization or 
combination and decomposition) is not uniform throughout the gas enclosure, pressure gradients are 
set up which then induce these currents in the mixture. The phenomena of electron winds and ion 
drift produced by electric fields and of polarizable particles in inhomogeneous fields, are likewise 
familiar. Seemingly somewhat removed, but still in the same category, one may consider the case of 
high temperature radiation through gas mixtures. 

In addition to the case of streaming of one component into the mixture we must consider the prob- 
lem of diffusion of one component. This leads to an analysis closely related to the diffusion previously 
mentioned. Experiments which would fall into this category are those for which diffusion of air 
and some other gas is observed. Data on the coefficients for oxygen, nitrogen, hydrogen, and carbon 
dioxide into air have been given with considerable accuracy. 

Last one must consider the thermal diffusion in mixtures of three or more components. This 
phenomenon is like the case of ordinary diffusion complicated by the existence of several components 
with different interactions. The expression becomes there the more involved and is not expressible 
in terms of binary thermal diffusion coefficients with any degree of simplicity. 

The plan followed is to proceed from the Boltzmann equation with the left member transformed 


1D. Enskog, (a) ‘‘Kinetische Theorie der Vorgange in MAssig Verdiinnten Gasen,” Dissertation, Upsala. 
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320 E. J. HELLUND 


into derivatives of the pressures and potentials and temperature. In the work’ cited below these 
equations were simplified at that point by the limitation to mixtures of two components only, Ajj 
discussion up to this point is thus to be obtained in this work which will be referred to as H.U. for 
reference in the ensuing discussion. 


FORMAL EXPRESSIONS FOR THE MAss CURRENT 


One proceeds then from the equations for a mixture of N gases which are the equations obtained 
from the Boltzmann equations by considering a solution to first orders alone. 

















f°? exp (7;*)f bia f Pi of a N | 
—Pe = Ii. 7 *), 
A; baa = peX aap [= 2Tialx' +x"), Ig (1) 
fa°? exp (74°) Eqa =f Pa a) bes zi N 
— Pq = Tes q *), _ 
rY a axe pak ~ (xt+x"), J=¢ (2) 


where f;° is the distribution function for the jth component. The remaining symbolism is that given 
in H.U. (see also Appendix A). In addition, it must be noticed that only a perturbation by forces 
acting on the gth component is considered. There is, however, no loss of generality since the equations 
are linear. If one now assumes that the perturbation of the distribution functions is given by 





Law (= x 1D tZ0/kT 
x*= —% « J=7'L,'24 , 3 
IT Ox. aA q a (3) 


and the collision integrals are transformed by using the relation 


dg,=ndw,/n'F,(A,). (4) 


The equations which result are then expressible in the following form 














frtexp (ri%) bia Pi ~ 
- I;,' L,’ L,’ ’ | # 
A,F\(A)) = “)-E n(~ —~) [Le+L.'}, j¥9 (5) 
ferexp (te) bea (Pa- wad 
Ng e Fas" Ly? L,° ™ j= ® 6 
A ,F,(A,) a ")== non (~ —) {Le*+L,'}. j=q (6) 


The J;,’ are the collision integrals defined with integration on dw and substitution of the variable 
y for g, the relative velocity, where 


m,m, ; 
s=8r, er (7) 
‘N27 (m,+m, ) 


In the following we shall have occasion to use the definition of the mixed bracket given by Enskog* 
iL. Lam [Lie Li Le\doyt f LD) Le Lider (8) 


It is necessary now to extend the definition of the curly bracket, H.U. (Enskog*). The new form 


2 E. J. Hellund and E. A. Uehling, Phys. Rev. 56, 818-835 (1939). 


* Reference 1, p. 67. 
* Reference 1, p. 68. 
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THEORY OF DIFFUSION 


is to be taken as 





4 
{L;N;L}= Enn(~—™)  s7. (9) 


i= m;M. 


In view of the properties of the mixed bracket [F, G];,, there exist the same set for {F; N; G}, 


{F;N;G}={G; N; F}, (10a) 
{F;N;G+H}={F;N;G}+{F;N;H}, (10b) 
{F;N;cH}=C{F; N;H}, (10c) 
(F; N; F} 20. (10d) 


It may now be shown that the coefficient of mass diffusion is expressible in terms of this extended 
curly bracket, and that the solution of the perturbation problem resolves itself into a variational 
calculation. 

It is desired to evaluate the difference of the velocity of streaming of the g component gas and 
the entire mixture. That is, 


N Usps p—p N Usps 
U.->d -u,( ‘)-¥ 
s=1 p p s4@a =p 


@ (1 64 . °U ™ Fa s (1 6, sy *U 8 
-f- (1+6of¢°)x ae(” ")_» f2 (1+6.f.°)x iv“), 
Na p sq Ns p 


By transformation of variable this becomes 


2.! 2 T? " _ 02 re? . : 
42) f exp (r") & tw,(” sttE ferexp(r#) & dw Ly |Z" (12) 
- AFA) (m)' \ ‘wed ALFA.) (m,)*“p 











(11) 














The last expression is then by virtue of Eqs. (5) and (6), just {L,; N; L,}, so that, 





of 22 (—) u N;Le| (13) 
q = P ard kT q ’ qe \ 


The mass current of component g is given by 


2\} 
J,¢=—-([ — J (LN; Le @, 14 
(—) } peZ (14) 


To demonstrate that the function Z may be arrived at by a variational calculation one proceeds 
just as in the case of two components. That is, if, 


{L*; N; L*}={L*; N;L}, (15) 


where L* is an approximation to the exact solution which is to be made as good a solution as possible, 


by adjustment of the parameters on which it depends, then 
0 <{L*-—L; N; L*—L} ={L*; N; L*}+{L;N; L}—2{L*; N, L} 16) 
={L;N;L}—{L*; N; L*}. . 


Thus Z* must be chosen so as to maximize the bracket. 
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sidered, but will be treated after the analysis of pressure diffusion. 


Explicit DETERMINATION OF THE MASS AND PARTICLE CURRENTS 


When the method of solution has been determined there remains only the consideration of the 
auxiliary conditions relating to the macroscopic description of the state of the gas for the perturbeq 
and unperturbed case, (H.U.). To satisfy the auxiliary conditions the solution may be formulated 
in terms of MN+N-—1 parameters as follows, 





M N N ga ge 
L*=) 2 Beihi+ po —.---.}. (17) 
In the following we shall write 
~_——— "¢ » g* ag 





n(m,)* n,(m,)* 


One then obtains the system of equations which are the result of the maximal property for the 
best solution to be obtained from a given number of parameters. 


N MN 
{Hit; N; DL Bott +X L Bh} —{Het; N;L}=0, t=1---N, 
s=1 5 








N MN (19) 
{hi'; N; & BotH.t+>d Dd B*h,’} —{ht 3 N; L}=0, r=1---M;t=1---N, 
1 1 1 
N MN 
> Bo°H.¢+>d > B,*h,i-—L*=0. 
1 1 1 
This yields for L*, 
{H.9; N; H.%}, {Hit; N; he}, (Hit; N; L} 
hit; N; He}, {hes Nj Ae}, {hie N;L} 
H,*, h,’, 0 
—— (20) 
neon {77.%; N; h,*} 
| (hi; N; Hi}, the; N;h,'} 
Consequently we have for the mass current 
2\3 2.3 
1,=-(—) poZ{L,*; N; L,*} --(—) pai L,*;N;L,}Z%, (21) 


{H.9; N; H.*}, (Het; N; ht}, {Hit; Nj L} 
{he's N; Het}, {hits Ni ht}, (his Ni L} 
2 i {H,*;N;L}, {h.i;N;L}, 0 
is (—) 1“ : Ze, (22) 
kT {H.%; N; H,*}, {Hi%; N; h,*} 
Sonia {hits N; h,*} 





If temperature variations are considered one also finds the perturbation of the distribution fung. 
tion to be determined in like manner. However for the present, thermal diffusion will not be cop. 


Hf, 
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(19) 
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THEORY OF DIFFUSION 







Excluding the composition dependence of the diffusion coefficient the result for the mass current 
is given with sufficient accuracy by the zero-order functions H,*. Consequently we evaluate the 
brackets {H7,*; N; H,*}. For the case r¥s we have, 





m,+m, 


m,m, 


mo+m,\! 
~) (H,*, Hs% Jos 


mM, 








; 
(H,*; N; H.%} =nin( ) (H,2, Het}, ctnenl 











nyu (—— =) (7,7, Jer+ ¥ non 
mam, 


txs8,r 


m [77,%, F74% Joe. (23) 


mam t 





And for the case r=s, 






N m,+m, m.+m 
(H.0; N; H,%} =Donn, ( aed) Ci,*, 1,")},.+Zna(™ hi il. “1, Vn: (24) 
s=1 


mm, tr mM qm, 






There exist the following relations which serve to evaluate the mixed brackets 





1,5 


8 ms 
Lé,. t, |, e = =—y7/2_____P) 5(1), (25) 
3 m,+m, 
















(m,m,)* 1,5 


8 
[é,, &\.0= ——A!/2 PA), (26) 
3 m,+m, 









where the definition of the function P,, 2':5(1) is that of Enskog® with the modifications due to statis- 
tics noted in H.U. 
Also we have 






{H,*; N; L,} = —1'/2p,. (27) 






It is to be noted that the statistical density dependence is ignored as well as the interference effect 
(H.U.) in the expression for the brackets. Only the effect in the cross section is included in the form 
given. One obtains for the mixed brackets the expression 






























1,5 ) 
8 P,.,(1) 8 (Pt Po P..4(1) 
(H,9; N; H,%} = ——2"?— +—7"" ( *)- -—-merenee 
ms 3 (m,m,(m,+m,))* 3 Pa [m, m,(m,+m,) }! 
1,5 

Pi pPr+p P. (1) 8 ; Pt P,, (1) 
+—s7 : -. | 
3 [m,m,(m +m,)}! 3 tes po [mum,(m.+m, \}! 






Samp! “"(1) pectarh te 
(patp, )? 3 Pr 3 Pt 8 1,5 
1H,*; N; H,%} = — -+ 2 —————_ -+> — -n"!?P,, 4(1). (29) 
PaPr [Lmgm,(ma+m,)]) sa [m, m,(m +m, )} i? Do 


















It is to be noted here that the coefficient of mass diffusion for two gases is given by 


sib tied I (30) 


Pit po 1,5 
P;,2(1) 


(= -): [myme(mi+me) | 1 











* Reference 1, p. 91. 
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One may therefore express the brackets in term of the binary diffusion coefficients as follows, 


mw fkT 1 pr 1 1 
Ui"; NH =~(—) | + +2 - + | (31) 
res 2N 27 LD, (er+os) PeDas t#%* Pa Dr qlprt ea) PeDas 


n kT ; (p + p,) 1 Ps 1 Pt 1 
i: Nitt4|="(—) | - come Be +E} (32) 
2 2 PaPr D,, r S8#@T Dy D,, 6 pr+ Ps) tAT Dq D1, q( pit pa) 














¢ One therefore obtains for the mass current of the gth gas component into the mixture of which jt 
is a member, the determinantal form, 


nf kT 1 1 1 1 7: -7! 
a el 
2 2 D,, (pr+ ds) PeVee PaDa,> . 2 pa 


pe 1 
+ > ——(prt+ p,q)! 


a tar Pa ta a 
































nr} Op? 
Re ne a re af Xe) 
ee Rn = 33 
= ( 'p - -_ — 
; “Ie RT\3 1 1 1 7 (kT) (33) 
— —) — +-——+ 
2 2 D,, s(pr+ ps) Pw | Ge ae 


Pt 1 
+2 -— 
L ts. pq Di, (pit pa) d 














In the above only the bracket form for r#s has been used, but it must be remembered that the 
diagonal elements of the determinant require the expression (32). The diffusion coefficient itself is 
just the coefficient of (0p%/dx—p,X qz)/RT in J,*. From the form it may be perceived that no explicit 
temperature dependence exists, since the determinant in the numerator has the last row and column 
free of temperature dependence. Likewise the factor 7 will cancel. Hence the coefficient of the gas q 
may be written, 





1 1 1 1 ny 1 —1 
| - —+— + d+ : -———| , 
D,,(Pr+ ps) Pg\Doe Dar4 #8 pq Dr, ql pit pa) . 








; 1 1 1 Pt 

eee 

D,,Apr+ps) pPa\Dae Dar ‘8%? Dg D. (ort py) 
For the case of three gases which is very nearly the case for experiments of diffusion of gases into 
air the result expanded is, . ; 
p” 3 (—*)| (pit p2)(pi+ ps) (p2+ p3)D31D32+ p3p2( ps+ p2)Ds2D 12+ pspi(ps+ | 
D2 = . 

p3( pit p2)Di2+ p2(pi1+p3)D3it+ pilpst+ p2) D2 


The coefficient (35), just derived, as well as (34) is not the coefficient observed which corresponds 
to the binary diffusion coefficient, but must be changed by the factor, 


Di: Dis'(- = "_) =p D,, oa | (36a) 
Pit po 


35) 
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and in general, 





p 
Ye = Di'sn( ). (36b) 
P—Pq 


It is essential to recognize here that the coefficients given are taken as giving the mass current 
when multiplied into the gradient of pressure or particle density, and not the mass density. Likewise 
these coefficients are not with respect to the velocity of the mixture, but the mass velocity. If a 
steady state of pressure is to be maintained in an experiment of the Loschmidt type, the total particle 
current is zero and hence the diffusion measured with respect to a stationary partition must be com- 
pared with the coefficient calculated with respect to the particle velocity. Thus what must be calcu- 


lated is, 
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Ng ” ot = J ,?. (37) 
| Bs 
t=1 
This expression is readily evaluated since the function L,=L,’, --- L,% has already been obtained. 
One obtains 
FP A+FOfe)x*U de, N f°A1+80.f.°) nN, . 
Juv=n] f oS f xU der] (38) 
No s=1 Ns n 
or 
f2(A+00f 4°) L%é* N SfP(1+0.f.°) L ny 23 
Javan f : ts dw,-> iw.~|(—) Z*, (39) 
F\(A,)  (m,)! F\(A,) (m.)* mnI\ kT 
where 
q 
Lt=), j——_ (40a) 
s#q  M(m,)} 
gr 
L' = — Bo’. (40b) 
n,(m,)! 


One obtains 


(41) 





ri = [p,(n—nq)+n,pq ) 
Jn? = n| E60 | 


2 pq npr 


To obtain the diffusion coefficient which corresponds to (34), one replaces in the numerator 
determinant the last row by the elements, 


{ Pr(m— mq) +MrPg 
—\ ————_——— } ; rq. (42) 
Np, 


In deriving the expression for the diffusion with pressure gradients on all components, with constant 
total pressure, one may use the same basic set of functions H,* to evaluate the perturbations. The 
expression for {//,¢; N; L,} are changed in the determinant, but the remaining elements remain 
unchanged in form and hence the successive contributions to the diffusion are easily summable. 
The new brackets are, 


(,°;N;L.}=0; r¥s,  {H,%;N;L.} =!/2p,. (43) 
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Construction of the form {L,; N;LZ,} then leads to the replacement of the last column in the 
numerator determinant of —2!Z2/ 2p, by, 


ae (=z a ) —niZ2 ; 

Se ee a, ew 

’ ’ ’ . (44) 
2p. 2p¢ ; 








Summing for the last column and row, they appear as 
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For the case of 3 gases, if one assumes that Z’ = —Z*p;/(pi+2) and that Z?= —Z*p2/(pi+p2) one 
obtains the factor p/(p—ps) given in (36). The general factor follows from the same hypothesis for 
the various z;. It would be necessary to justify the values given above in order to claim validity for 
the coefficients (36), for a given experiment. In general, however, the pressure variations are arbitrary, 
as well as the forces per unit mass for each component. 

In (45) the elements of the last row replaced by (42) yield the expression desired to represent the 
number of particle which would diffuse through a stationary cross-sectional area in an enclosed vessel 
of the Loschmidt experiment, provided, with no external forces, we set 


N 
¥ Z'=0. 


s=1 


For the case of three gases one may write 
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Also Ni+Ne 1 1 p ny, 1 1 pne 
tee-(ee)/-( eet ti 
n pi nod is n pi (pstp2) Ds,2 " Da smoens 
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where 
A= —[ps(p1+ p2)D1, 2+ p2(ps+ p1)Ds, 1+ 01(p3+ p2)Ds3,2}. (48) 





Ds, 1D3,2D1,2 p1p2p3(p3+ 1) (pst p2) (01+ p2) 


It is perhaps of some interest to show that in an experiment of the Loschmidt type, diffusion may 
occur even when the gradient of density of the gas in question is zero. The effect, like thermal diffu- 
sion, is due to differences in mass and cross sections of the remaining components. This diffusion is 
the analog of the osmotic diffusion of liquids. To show this point, let us set, Z*=0 and Z'= —Z*. Then 


ps( pit p2) Z' 
— Di,2>———[Dg, 2p3 + p2) — Ds, 1 (s+ n(—) 








J,= : (49) 
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For the special case when S;,:—0, 

3/kT\! 

Qe 

8\ 20 m3+me m3+m,\! Z 

poe Ce ne (CRY (2). 
P m3M2 m3m, kT 
where P is the total pressure. 

In (51) the binary coefficients have been given the classical values for elastic spheres. The diffusion 
initially set up, produces an opposing pressure gradient which then sets up a diffusion current in the 
opposite direction restoring the initial constant density of the third component. This would neces- 
sarily imply that the currents, one and two, would alternately exceed one another. The effect. initially, 
would be large and decrease as the distributions of the first two components tended toward spatial 
uniformity. 

In conclusion it may be emphasized that all measurements on mixtures of three or more components 
are dependent on the density ratios as well as the total densities, although the former dependence 


is not particularly strong. This dependence is quite apart from the composition dependence taken 
into account by the consideration of further terms in the approximation to the distribution function. 








APPENDIX 


In view of the fact that some change in notation between this paper and H.U. exists, the following 
equations are given from H.U. as numbered in that paper, and the changes noted. 


fe? [ts aT 5 pi Pia. 
(1257) + (sete) (TS) 
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In the present paper x is represented by x'+ x?. Also 


mM; s CC; 
Ti;(x) =~) ( 
n c 


iCj 
Jiilxd) = FAP MAY) f de, f yin a)dQ: fo’ f;*'- (1+6:f:°)(1+4,f,°)(xitxi—xi’ —x,’). (30) 





4 
) CAR (A) F(A) Jao, (29) 






e The following identity holds, 1 ttl 
Ti! (xi +x!) = Jii(x)- 


Also, definition of the square brackets in H.U. is related to the present one by, 
CF, GJi+LF, Gliju.v.=LF, G]iy. 
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The theory of diffusion in ternary and higher order gas mixtures is completed with the 
discussion of thermal diffusion. The theory is carried to the point where assumptions about 
molecular interactions are necessary to obtain quantitative expression of the coefficients. In the 
special case of elastic spheres the formulae have been given in terms of the masses and cross 
sections, neglecting, however, the diffraction effects. 













INTRODUCTION 


Ee sengeren diffusion remains one of the few processes of diffusion which are difficult to analyze 
from elementary considerations, even for the case of binary mixtures. The coefficient is a 
function of differences in masses and force interactions and, in addition, respective particle concen- 
trations and their ratios. No emphasis therefore need be given to the increased complication which 
the analysis of ternary and higher order mixtures introduces. It is nevertheless desirable to obtain 
formulae for the thermal coefficients in such cases in order to obtain additional insight into the 
processes involved as well as to check values obtained by direct experimentation. 

In connection with the theory of isotope separation it is of interest to determine if the addition 
of new components has any optimum effect, and if so, to determine what the characteristics of these 
additional components must be in relation to the isotopes involved. It is also true that the isotopes 
occur frequently as groups of three or more so that from the point of view of application of theory 
to experiment, the binary analysis is inadequate for an actual description of results. These problems 
receive added interest and importance in light of the recent work of Furry, Jones and Onsager,! 
on isotope separation by thermal diffusion coupled with convective action. 

The effect on the distribution function of the gas molecules by a temperature gradient is given 
by the equations which the first-order variations must satisfy (I APPENDIX (A))* 

f°? 1 1 oT 5 pi N 
—— np (9) —-—t—4 #f—— =D Listxi+x’'}, (1) 
A; ci T ox 2n,kTJ  s=1 


d 

























where the symbolism is that of (I). 


1 Furry, Jones and Onsager, Phys. Rev. 55, 1083 (1939). 
* Reference to the first part will throughout be indicated by I. 
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If we take x to be given by 






one then obtains the following system of equations, 


f,°? exp (7,7) je ( 5 -) 
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njk=—>, nnd( ) I'{Mi+M*}. (2) 


s=1 mjmMs, 






And one obtains as in (I), 












(3) 
| {H.9; N; H.%} | 










As in I, attention has been focused on the gth component, and the basic set H,* of I employed 
in II. Eqs. (2), unlike the set in I, maintain symmetry with respect to all components. Since also 
the brackets {£,; N; !} vanish, it is necessary to include functions quadratic in r. Thus, the simplest 
set sufficient to discuss thermal diffusion is, 
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H,¢t= _ , (4a) 
n,(m,)* n,(m,)§ 
5 F; 2 A, 

hte et | (4b) 
2 Fij2(As) 





Since the experiment to which we wish to apply the theory is one wherein a gas-filled vessel is 
in equilibrium under a certain temperature gradient, it is convenient to add the perturbations of 
the distribution functions due to pressure and temperature variations. 
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where A is the denominator in (3), and the term }-L,Z* is to be summed over all “‘s,”’ (I). The con- 
ditions for equilibrium then demand that the particle current of any component calculated from 
(5) is zero, and that the total pressure be constant, 





. 
(> p =const.). 


i=1 









In analyzing the separations produced in a set of gases by thermal diffusion, one would then 
desire the values of all partial pressure gradients as well as the temperature gradient. From (5) it 
is possible to obtain N—1 independent equations by making the particle currents vanish. One 
additional equation is obtained from the condition that the sum of all the partial pressure gradients 
must vanish. 
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The relations which may now be used to simplify (5) are 
{H,*; N; MaT/dx} =0 
{h,’; N; --L.Z*} =0, 
2 nk ro/2y 
Foye 
3 (m;)* F\(Agh 





{h;’; N; MaT/dx} = — 


{H,*; N; XL.Z*} -=(-2'-z"). 
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7 Fyj2(A;) 


In computing the currents from (5), one finds that the contribution from the h’s vanishes. More- 
over, one finds, apart from a common factor, that the functions H,*, H¢ - -- 
of particles of type 


m4(n;— mn) 














and to the current of particles of type the amounts, 
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It may be easily shown then, that 
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If one replaces in (5) the values given (6), (7), (8), (9), (10), and (11), denoting the cofactors of 
the last column by A,* (where s denotes the particular current considered, and r the row), one finds 
the following set of equations to determine the various partial pressure gradients (where the classical 
values have been taken for the expressions (8)), 
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To evaluate the determinants, it is necessary to calculate the a,,, and );,.. 
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N:H foe. (8/3)x?2P 61) +r Pi (8/3)"?/*P¢ «(1) i 
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With the values of the various brackets given in the group (14) the problem of the determination 
of the separations which can be produced in gas mixtures is halted until definite assumptions about 
the force interactions have been made. The simplest force law which can be used, which may be 
regarded as a first approximation to the actual law, is the elastic sphere model. In this case the 
various P functions have the following values, 


Py s(1) =S%,, 6/2, (15a) P, (1) =3S%,, 6/2, (15c) 
1,7 1,9 
P,, (1) =3S*,, ./2, (15b) P,, (1) =65S?,, ., (15d) 
where the S,,, are the elastic sphere diameters of interaction, equal to the average of the actual 


diameters of the two types of particles. 
One has for then the case of three gases, 
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1 mM; m 
where By =| (2)8*S;'n+( ‘)sutm+( *) sutne] jARAt=1, 2, 3, (18) 
3 my mM, 






























(”’) ( mM ) (rr 
my m;+m, (m;+m,)? (19) 
mém,? 7} 
By, = —9] ————_ | Sj?mx, 
' cae sats (20) 
2 17 (pi1+ pe) me ; p3(ms3)} 
ca —| ) 12? + su (21) 
3 mL (m,+m2) \m\+me (m,:+ms3)! 
lid (m3)! (ms) ] 
=—n3| ————— S23? - _——_——_ : 
; 3 ; (m2+ms;)! - (m,+ms3)} . ™ 






An application of the preceding theory has been made with respect to a mixture of hydrogen, 
deuterium, and helium. The ratio of hydrogen to deuterium was taken as 5000 to 1 and the concen- 

tration of helium was taken as 0, 1/5, 2/5, 3/5, 
1.00 3 4/5 and 1 with respect to the hydrogen number 


density. The collision diameter of deuterium was 














taken equal to that of hydrogen. This assumption 
appears to be sufficiently accurate in view of the 
experiments of Grew and Atkins? on thermal 
diffusion in deuterium mixtures. 
The results on the deuterium, hydrogen, 
—" helium mixture are of particular interest in view 
of the equality of masses of deuterium and helium. 
_* Any effect between the latter in a binary mixture 
depends solely on differences in cross sections. It 
is found that helium is much “harder’”’ relatively, 
0. than deuterium. In the case chosen for applica- 
tion it may be expected from the mass effect that 
the result of addition of helium is to increase the 
separation of hydrogen and deuterium, provided 
the separations are dependent mainly on the mass 
ratios. Similarly from the mass effect it may be 
expected that the addition of an element inter- 
mediate in mass will tend to increase the separa- 
tion of any pair of elements. The character and 
extent of such separation will of course be in- 
fluenced by the remaining variables, which de- 
scribe the mixture (cross sections and concentra- 
tions). For particular mass ratios it is apparent 
that the latter variables may be most important. 
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Fic. 1. Plot of the separation of deuterium and 
hydrogen, and of deuterium and helium against a 
variable helium concentration. 


2K. E. Grew and B. E. Atkins, Proc. Phys. Soc. 48, 
415-420 (1936). 
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If hydrogen, deuterium, and helium are numbered successively 1, 2, and 3, then we find, 
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From (23) and (24) one readily obtains 
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Let us define the coefficient A as 
O(log m2/m,)/dx 


Ao = : : a, (30) 
. [Le(log me/n;)/Ax]ns=0 





It is this coefficient which will be used as a measure of the separations to be produced in a mixture, 
and in Fig. 1 has been plotted for deuterium-hydrogen and for deuterium-helium, against an increas- 
ing helium concentration. 

It will be observed from Fig. 1 that in both cases the separation becomes less as the helium con- 
centration increases. No experimental data appears to be available as a check on this behavior 
and thus no check on the effect of the elastic sphere approximation can be made. Both hydrogen 
and deuterium, admittedly are not symmetric molecules and deviations are likely to be found 
from the curves in Fig. 1, since the phenomenon of thermal diffusion is so dependent on the type of 
force interaction between molecules. 
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LETTERS TO THE EDITOR 


Prompt publication of brief reports of important discoveries in physics may be secured by 
addressing them to this department. Closing dates for this department are, for the first issue of the 
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month, the eighteenth of the preceding month, for the second issue, the third of the month. Because of 
the late closing dates for the section no proof can be shown to authors. The Board of Editors does 


not hold itself responsible for the opinions expressed by the correspondents. 


Secondary Neutrons from Uranium 


Halban, Joliot, Kowarski and Perrin' report new 
experiments on the secondary neutrons which are produced 
in the fission of uranium. The purpose of this present note 
is to point out that these newer experiments lead to nearly 
the same value of the number of secondary neutrons per 
fission as do the considerably different older ones of 
Halban, Joliot, and Kowarski*? and indicate that an 
explosive chain reaction cannot occur for any mixture of 
hydrogen and ordinary uranium. For the sake of brevity 
it is assumed that this note will be read in conjunction 
with the paper of Halban, Joliot, Kowarski and Perrin so 
that a resumé of the latter is omitted. 

The rate of production of secondary neutrons by fission 
is Qintwv, »v being the number of secondary neutrons per 
fission. This must equal the total number of neutrons 
slowed per second, Qint/(1—)+Qext minus the rate of 
production of primary neutrons, 1. From this one gets 


Qint/(1 —p)+Qext—1 
[ Qint } (1) 


Using the experimental results of Halban, Joliot, Kowarski 
and Perrin, the same nuclear cross sections and their value 
of p for the 3H experiment, the values of v given in the next 
to the last column of Table I have been obtained. The 
values of p for the 2H and 1H experiments have been calcu- 
lated from that for 3H on the crude assumption that the 
rate of change of » with the logarithm of the concentration 
of H is the same as in the range from 65H to 30H. (This 
same assumption would give p=0.38 for 3H.) The agree- 
ment of the three values is most satisfactory and probably 
would not be seriously modified by use of some more exact 
calculation of the change of » with changing concentration 
of hydrogen. The common value of 3.1 cannot be con- 
sidered as accurate because of the great extrapolation 
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TABLE I. Number of secondary neutrons per fission » calculated from the 


experimental results of Halban, Joliot, Kowarski and Perrin. 
The condition for any explosive chain reaction 
is that P.{ =wv(1—p)] >1. 





Communications should not in general exceed 600 words in length. 





























AMT. OF 
H:0 TINT Qwr | Crxr w ? v e 
1H 0.49 0.76 0.61 0.61 0.59 3.1 0.79 
2H 0.46 1.24 0.47 0.57 0.53 3.0 0.80 
3H 0.43 1.67 0.45 0.54 0.50 3.1 0.84 
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involved in the estimate of p. A lower value of p would 
give a lower value of » in nearly the same proportion, 
Recalculation of the results of the older experiments? gives 
a value of 2.6+0.6 for ». In them the H/U ratio was 
64 : 1, so that capture by hydrogen predominated. In the 
newer ones capture by H is unimportant. Also, the valyes 
of p are very different. The agreement of the results of 
the two experiments is excellent in view of these great 
differences. 

The condition for a divergent, explosive chain jg 
wvr(1—p) >1. Setting this critical product equal to P, and 
inserting the above expression for » gives an equation 
which reduces to P.=1—(1—p)(1—Qext)/Qint. Since 1~p 
and Qint are both positive the condition P,>1 is satisfied 
if Qext>1. For all three sets of the newer experiments 
Qext <1 s0 P,<1, and no explosive chain could be produced 
in such wet uranium oxide of any amount. It is important 
that this conclusion is entirely independent of the numerical 
value of p, the most uncertain of the quantities involved, 
The calculated values of P, are given in the last columa 
of Table I. The apparent rise of P, with increasing content 
of H is probably not significant since the value of P, for 
the older experiments is 0.23. It appears that the slow 
increase of P, with additional hydrogen is more than 
compensated by the reduction of w by capture of neutrons 
by hydrogen. Dividing P, by 1—p gives 1.7 for the value 
of wy for the 3H mixture. It must be still higher for pure 
uranium. The value determined by Anderson, Fermi and 
Szilard‘ by another method is 1.5 so that this newer 
result merely strengthens the evidence for the conclusion 
already reached by them that the chain reaction could be 
maintained in a system which would slow down the 
neutrons without absorbing them. 

Louis A. TURNER 


Palmer Physical Laboratory, 
Princeton, New Jersey, 
January 25, 1940. 


Pt Joliot, Kowarski and Perrin, J. de phys. et rad. 10, 428 
9). 
2 Halban, Joliot and Kowarski, Nature 143, 470, 680, 939 (1939). 

3 In this calculation the same e's have been used as in reference |, 
plus "cap N= 1.3 X10 cm? and o,4 =0.0 X10-* cm? from Frisch, 
Halban and Koch, Kgl. Danske Vid. Selsk Math. Phys. Med. 15, 
No. 10 1599). ZA =34.5 assuming that the 1.6 molar solution contains 
128 g of NH«NOs and 921 g of H:0O per liter at 20°C, as determined 
by interpolation in the data of the Int. Crit. Tab. In like manner 
ZA’ =37.1, the 1.6 molar solution of UO2(NOs): containing oe 
the anhydrous salt and 866 g of H2O per liter at 20°C. The revised 
p =0.14 has been used. Hy (2) on page 25 of Turner, Rev. Mod. Phys. 
12, 1 (1940) is in error. ZA outside of the bracket should be c to 
ZA’ with co nding changes above, since the probability a 
neutron will produce fission is Ay/ZA’, not Agee. 

¢ Anderson, Fermi and Szilard, Phys. Rev. 56, 284 (1939). 
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LETTERS TO 


Simultaneous Penetrating Rays from the Atmosphere 


It has been suggested by Nordheim and Hebb! and 
others that mesotrons may be produced by multiple 
sses in atmosphere. The following experiment was 
performed in order to test this hypothesis. A similar 
experiment has been reported recently by Wataghin, de 
Souza Santos and Pompeia.? However, the following data 
give further information on the regions in which these rays 
are produced. 
Quadruple-coincidence counts were made with the four 
counters arranged, as shown in Fig. 1, so as to form two 





Fic. 1. Arrangement of coincidence telescopes. 


double-counter telescopes inclined at about 10° to the 
vertical. The apparatus was set up near sea level about 
three meters under a thin wooden roof covered with sheet 
copper. With the telescopes in the parallel position (A, 
Fig. 1) quadruple coincidence could be produced by two 
penetrating rays from a shower arising in that portion of 
the roof in the range of both telescopes or in the atmos- 
phere at any height above a few meters. Similarly, with 
the telescopes in the oblique position (B, Fig. 1) quadruple 
coincidence could be produced by two simultaneous 
penetrating rays arising in a part of the roof or in the 
atmosphere near the apparatus. Also coincidence could be 
produced in either case by three or more simultaneous 
penetrating rays originating at any distance from the 
apparatus or in the lead shield. It was assumed that the 
contribution to the counting rate by the last-mentioned 
process would be slightly greater for the more compact, 
oblique arrangement of the counters and shields. The 
triple coincidence data in Table I support this to some 
extent. 

The expected random-coincidence frequency was calcu- 
lated by means of Auger's formula* from the data given 
in Table I. 

Table II gives a summary of the observations with the 
double telescope. 

Since the coincidence rates are about 100 times the 
expected random rate, these results confirm previous 
observations of simultaneous penetrating rays. Most of 
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TABLE I. Data used to estimate accidental coincidence frequency, etc. 








Recovery time estimated by using two tubes 
Counting rate of an individual wo teed 
Counting rate of an individual tube 60 min.“ 
Random coincidence rate between telescopes 0.75 X107* hr.“ 
Total random fourfold coincidence rate 0.85 X10~* hr.~* 
Triple coincidence rate, counters 1, 2 and 3, Position A 0.30+0.01 hr.~! 
Position B 0.32+0.01 hr.~ 


0.9 X10 sec. 
55 hr.~ 








TABLE II. Comparison of counting rates of parallel and oblique telescopes. 








COUNTING 
RATE HR. 


QUADRUPLE 
COINCIDENCES 


103 
67 


Torat Time 
MENT IN BR. 


A 8 1128 

B 7 861 
Excess rate with arrangement A 
Weighted mean excess for consecutive runs 


No. 
Runs 


ARRANGE- 





0.0135 +0.008s 
0.0149+0.0092 








the previously-observed penetrating showers have origi- 
nated in dense materials. Because the oblique arrangement 
is more sensitive for all showers arising in the immediate 
vicinity of the counters, it is thought that the small excess 
rate with the parallel arrangement is very favorable to 
the hypothesis that penetrating rays are produced simul- 
taneously in the atmosphere. Moreover, the high counting 
rate with the oblique arrangement indicates that many of 
these rays are produced near-by, and most of the coinci- 
dences observed with the parallel arrangement must have 
a similar origin. Thus, only a small fraction, in the latter 
case, can be due to simultaneous rays arising at the great 
heights at which most mesotrons are thought to be 
produced. 
VERNAL JOSEPHSON 


Darot K. FROMAN 
Macdonald Physics Laboratory, 
McGill University, 
Montreal, Canada, 
J. C. STEARNS 
Department of Physics, 
University of Denver, 
Denver, Colorado, 
January 30, 1940. 


1L. W. Nordheim and M. H. Hebb, Phys. Rev. 56, 494 (1939). 
2 Wataghin, de Souza Santos and Pompeia, Phys. Rev. 57, 61 (1940). 
*P. Auger, Rev. Mod. Phys. 11, 288 (1939). , 





Positive Ion Emission from Nickel 


A study of positive ion emission from nickel when 
heated to temperatures at which appreciable vaporization 
occurs has been made, using a modified Dempster type 
mass spectrograph. Ions were obtained having relative 
masses of 58 and 60 corresponding to the two most abun- 
dant isotopes of nickel. Ni* ions were observed from five 
separate filaments. It was found helpful to heat the 
filaments at moderate temperatures for sufficient time to 
insure thorough outgassing. 

A similar attempt has been made to observe positive 
ion emission from iron and cobalt filaments but so far no 
ions have been observed. 


Department of Physics, 
a tel of —, 


adison, nsin, 
January 24, 1940. 


G. A. Jarvis 















































Correlation Between Cosmic-Ray Intensity and Upper Air 
Pressures and Temperatures 


In the studies of the relation between cosmic-ray 
intensity and atmospheric temperature heretofore reported, 
the temperatures used have been those observed at the 
ground level. If, however, the correlation is of physical 
significance, it would seem that the average temperature 
over a wide range of altitude should be considered. A 
correlation study has accordingly been made between the 
cosmic-ray intensity at Cheltenham and the upper air 
pressures and temperatures as observed by the U. S. 
Weather Bureau at Washington. The study covers a 
period of one year from June, 1938, to June, 1939, the 
data being averaged over seven-day intervals. The cosmic- 
ray data used were the averages of the sea-level readings 
of the Type C meter running at Cheltenham reduced by 
1.11! times the readings from a similar meter at Huancayo, 
Peru, in order to eliminate the effect of world-wide changes 
in intensity, The temperatures and pressures of the upper 
air were observed by radiosonde balloons sent up by the 
Weather Bureau nearly every day during the year. From 
day to day the maximum height of the observations varied 
up to a limit of 23,000 meters (reached only once). Above 
14,000 meters, too few data were available to make the 
calculations quite trustworthy. 

The customary correlation coefficients were computed 
between the seven-day averages of the cosmic-ray intensi- 
ties (at the surface) and the corresponding seven-day 
averages of both temperature and pressure at each of a 
number of different elevations. These are shown labeled 
“pressure” and “temperature” in the diagram. It is found 
that up to a height of 10 km the changes in air temperature 
follow so closely those at the ground that neither the 
correlation nor the temperature coefficient is greatly 
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Fic. 1. Correlation coefficients between cosmic-ray intensities and 
temperature and pressure at different elevations. 
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Fic. 2. Pressure and temperature coefficients of cosmic-ray intensit 
as functions of elevation. y 


different from that based on surface temperatures, Tem. 
peratures in the lower stratosphere (10 to 15 km), however, 
are not closely correlated with cosmic-ray intensity, Op 
the other hand, changes in pressure which measures the 
integrated expansion of the air at lower levels remain 
closely correlated with the cosmic-ray changes up to 15 km. 

The temperature, pressure and cosmic-ray intensity 
each pass through an annual wave during the year. Above 
about 1000 meters, the minimum of the pressure waye 
corresponds roughly with the maximum of the cosmic-ray 
intensity wave (negative correlation). Below the 1009 
meters, the amplitude of the pressure wave passes through 
a minimum, the phase changes rapidly with decreasing 
elevation and all correlation with cosmic-ray intensity 
seems to vanish. The slight positive correlation found at 
the surface for data already corrected for the barometer js 
probably only accidental although the correlation coeff. 
cient used at Cheltenham (0.180 percent/mm Hg) may 
not have been best for this particular time and method 
of averaging. 

In order to test whether there was anything more to 
the pressure vs. cosmic-ray intensity correlation than that 
resulting from a common annual wave, the best annual 
sine wave was fitted to the cosmic data and also to the 
pressure data. Then each seven-day average was measured 
from the corresponding annual wave and again correlation 
coefficients computed. While this process reduced the 
numerical value of the correlations, they still remained 
many times their probable error. 

The annual wave of temperature goes through a mini- 
mum of amplitude and a rapid change of phase in the 
neighborhood of 12,000 meters (¢~ —55°C, boundary of the 
stratosphere). Below this and extending down to the 
surface the phase of minimum temperature is also early 
in February and there is a high negative correlation with 
the cosmic-ray intensity. However, when temperature differ- 
ences from the annual wave of temperature are compared 
with the variation of cosmic-ray intensity from its annual 
wave, the correlation is quite small—at least for higher 
levels—and hence has not been included inthe diagram. 

In addition to the correlation coefficients, the pressure 
coefficients (0.1 percent per millibar) and the temperature 
coefficients (0.1 percent per degree C) were computed and 
are given in Figs. 1 and 2. 
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| wish to thank Professor A. H. Compton for discussing 
this with me, Dr. John A. Fleming of the Department of 
Terrestrial Magnetism for making available the Chelten- 
ham and Huancayo data, and Mr. D. M. Little, Principal 
Meterologist in charge of the Aerological Division of the 
U. S. Weather Bureau for supplying me with the air data 
for these calculations. 


NIEL F. BEARDSLEY 


University of Chicago, 
Chicago, Illinois, 
January 31, 1940. 


1S, E. Forbush, Phys. Rev. 54, 983 (1938). 
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Cloud-Chamber Photographs of Cosmic Rays up to an 
Altitude of 29,300 Feet 


On December 21 Mr. Wiston Bostick and I made an 
airplane flight up to 29,300 feet for the purpose of taking 
cloud-chamber photographs of cosmic rays. A Wilson 
chamber of 15 cm diameter was placed between the pole 
pieces of a large permanent magnet which gave a magnetic 
field of 700 gauss. Expansions could be made either at 
random or controlled by counters. Stereoscopic pictures 
were taken. 

Two hundred thirty pictures were taken in which there 
were more than 25 tracks of such a density and momentum 
as to practically exclude the possibility of their being pro- 


Copper Containing Iron duced by either electrons or protons. In Fig. 1 a typical 


Copper containing small amounts of iron in solid solution 
is not ferromagnetic even if cold worked. On heat treat- 
ment iron precipitates very rapidly from solid solution in a 
relatively stable nonferromagnetic form, sometimes even 
in particles sufficiently large to be visible under the micro- 
scope. Cold working immediately transforms this non- 
magnetic iron to the magnetic condition. The idea has 
been proposed! that the first precipitate of iron is face- 
centered cubic in structure and is possibly still continuous 
with the copper lattice. There have been no direct experi- 
mental determinations of the structure of the precipitate 
in either the nonmagnetic or magnetic form, 

At the writer’s request Dr. A. B. Greninger of the 
Laboratory of Physical Metallurgy, Harvard University 
kindly undertook a study of some samples by x-ray 
methods. Wire, 0.06 inch diameter, containing 2.3 percent 
iron was quenched after 3 hours at 1050°C. It was then 
very slightly ferromagnetic. Reheating at 650°C for 3 
hours diminished the attraction of a strong electromagnet, 
but if the reheated wire were cold drawn to a reduction 
of area of 24 percent it became strongly ferromagnetic. 
Diffraction patterns were obtained with a Debye camera 
of 5.7 cm radius using unfiltered cobalt radiation and a 
7-hour exposure (normal exposure times to show structure 
are about 1 hour). The wires were all of large grain size 
and hence it was difficult to obtain satisfactory patterns. 
No trace of body-centered cubic lines was observed. 
A filing sample taken from the reheated cold-drawn wire 
gave a pattern which, with a 12-hour exposure, showed 
two unmistakable lines corresponding to the strongest of 
the body-centered cubic alpha-iron pattern. The iron lines 
were no stronger after subsequent heat treatment for 3 
minutes at 650°C. Similar filings again annealed in vacuum 
for 3 hours at 1050°C, quenched and reheated 3 hours at 
650°C showed no trace of the iron lines. 

These experiments show that there is little body-centered 
cubic iron (probably none) in copper-iron alloys con- 
taining the nonmagnetic precipitate but that it becomes 
detectable after cold working, coincident with the appear- 
ance of ferromagnetic properties. 

CyriIL STANLEY SMITH 


Fic. 1. Typical photograph showing both an electron (Hp =4.2 X 10*) 
and a mesotron (Hp = 1.4 X10). 


photograph is reproduced which shows for the same 
expansion the occurrence of an electron of Hp=4.2X 106 
as a thin track and a mesotron with Hp=1.4X105 for 
which the ionization is much greater. All the heavy tracks 
occurred only in the 110 photographs which were taken 
above 20,000 feet. 

The pictures reveal further some much stronger ionizing 
particles which one may associate with either protons, 
a-particles or still heavier nuclei. 

Though a full report of this work will soon appear, it 
has seemed worth while to call prompt attention to the 
surprisingly frequent occurrence of slow mesotrons at the 
altitudes reached in this experiment. 

GERHARD HERZOG 


Research Metallurgist, 
American Brass Company, 
Waterbury, Connecticut, 
January 29, 1940. 


Ryerson Physical Laboratory, 
University of Chicago, 
Chicago, Illinois, 
February 1, 1940. 


'R. B. Gordon and M. Cohen, “‘Age hardening of copper-cobalt 
and copper-iron alloys,’" Am. Soc. for Metals, Preprint No. 39, October, 
1939. See particularly the discussion of the present writer on this paper. 
F. Bitter and A. R. Kaufman, Phys. Rev. 56, 1044 (1939). 
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The Coefficient of Thermal Diffusion of Neon and Its 
Variation with Temperature 


If a mixture of two gases is contained in a vessel con- 
sisting of two bulbs fastened together by means of a 
connecting tube, then as a result of the existence of thermal 
diffusion the relative concentrations of the two constituents 
will be slightly different in the two bulbs if these are at 
different temperatures. This effect was predicted theo- 
retically by Enskog' and Chapman? and has been amply 
verified experimentally. 

In the case of isotopic molecules the difference in 
concentration AC can be expressed in a_ particularly 


simple form: 

AC=aCC2 log T1/To. (1) 
Ci, Cz are the relative concentrations of the two types of 
molecules, C:+C2=1; To, 71, are the temperatures of the 
two bulbs, and @ is known as the coefficient of thermal 
diffusion. The nature of the phenomenon is such that in 
general the relative concentration of the heavier molecule 
is greater in the cooler bulb. 

An experimental determination of a for methane® was 
recently made. The study has now been extended to neon 
for several temperature ranges. In Table I are recorded 
the results found. 

The relative abundances of the isotopes were measured 
with a mass spectrometer and the general method used in 
computing @ was similar to that employed in reference 3. 
The bulb system used was essentially as before. In this 
case the time allowed for a run was at least five times 
the relaxation time of the system. In making the compu- 
tations corrections were made for the volume of gas in 
the tube connecting the two bulbs. The consistency of 
the isotope abundance readings and considerations of other 
possible errors lead one to believe that the final computed 
a’s are accurate within about five percent. 

As a first approximation for elastic spheres Enskog’s 
results give in this case 


a =(105/118)(M2—M,)(M2+™;), (2) 


where the M’s are the relative masses of the two types of 
molecules. In the case of Ne?° and Ne” this gives a =0.0424. 
In the last column of Table I is recorded Rr (the ratio of 
the experimentally found a to that computed by (2)). 
The increase of a with temperature is to be expected as 
the atoms at higher temperature behave more nearly like 
TABLE I. Values of the coefficient of thermal diffusion a of neon in three 


temperature ranges and the ratio Rr of these values to those 
computed for elastic spheres. 











a “AVERAGE” a@ 
aNe® IN TEMPERA- 

To T1 Ne TURE RANGE” Rr 
10°C 344°C (6.6+0.1)%* 0.0302 0.71 
— 183 21 (6.1+0.1)%° 0.0188 0.44 
— 183 —78 (3.9 +0.3)%° 0.0165 0.39 














@ This represents the percentage decrease of Ne*/Ne?® ratio in hot 
bulb after five repeated runs. The number given is the average of a 
total of seven different determinations on three different samples. 
The error is the mean deviation in the seven readings. 

> Percentage decrease after four repeated runs. The number given 
is the average of a total of four determinations on two different samples 

¢ Percentage decrease after five repeated runs. The number given is 
the average of a total of six determinations on two different samples. 
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perfect elastic spheres. In the highest temperature range 
studied the Rr has a value 0.71 as compared with a valye 
0.3 found previously for methane for approximately the 
same temperature range. Neon atoms are thus considerably 
“harder” than methane molecules. As a@ for neon Varies 
rapidly with temperature the values given in Table | can 
only be considered as “average” values for the temperature 
intervals. 

Atkins, Bastick and Ibbs* recently measured the coeffi. 
cients of thermal separation for all of the binary mixtures 
of helium, neon, argon, krypton and xenon in the tempera- 
ture range 15°C to 100°C. The value of Rr calculated 
here for neon fits in well with the Rr’s computed for the 
binary mixtures. This would seem to indicate that there 
is no great difference in the nature of collision processes 
between two isotopic gases or a mixture of two nonisotopic 
gases. 

As neon has a relatively high a the thermal diffusion 
column method should be very effective in separating 
the isotopes. 

ALFRED O. NIgR 


Department of Physics, 
University of Minnesota, 
Minneapolis, Minnesota, 
January 30, 1940. 


1D. Enskog, Physik. Zeits. 12, 56, 533 (1911). 

2S. Chapman, Phil. Trans. A217, 115 (1917). 

3A. O. Nier, Phys. Rev. 56, 1009 (1939). 

4B. E. Atkins, R. E. Bastick and T. L. Ibbs, Proc. Roy. Soc. A172 
142 (1939). ' 





Nuclear Excitation of Lead by X-Rays 


The only case of nuclear excitation by x-rays? which 
has been reported is In™5, in spite of the fact that the 
authors, and probably others, have made attempts to find 
other examples of this process. The theory of metastable 
states,*-> however, predicts that, for a given spin change, 
the lower the excitation energy of the metastable state 
the longer will be its half-life. Thus states with periods 
long enough to be observable are more likely to come from 
low lying levels. This suggests the possibility that meta- 
stable states may have been excited but not observed due 
to the absorption of the low energy internally converted 
electrons by the counter walls. Accordingly, counters 
were constructed with the metal under investigation 
forming the cylindrical cathode. 

The counters were irradiated by placing them directly 
behind a lead target which was bombarded with electrons 
from the electrostatic generator. After four minutes 
irradiation with 35 wa of 1.5-Mev electrons, a lead counter 
showed an activity of 40 counts per minute above back- 
ground with a 1.6+0.2-minute period. Three different 
lead counters were used, one of which had a C.P. lead 
cylinder. All gave consistent results. An excitation curve 
for this activity was obtained and gave a threshold of 
0.65+0.02 Mev corresponding to the lowest activation 
level. 

No activity was observed when a lead foil was irradiated 
as above and wrapped around a thin wall counter. If the 
radiation emitted is mainly internally converted electrons, 
the upper limit of the energy can be placed at 250 ky. 
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In order to estimate the lower limit, a copper foil, 0.034 

m/cm?, was placed inside the lead electrode. This 
reduced the intensity of the activity to about one-half. 
The lower limit is thus estimated at about 150 kv. 

It is interesting to note that the spin of lead in the 
ground state is either 0 or } depending upon the isotope, 
whereas the spins of the three previously known nuclei 
(In", In™5, Sr8’7) in which metastable states have been 
excited are all 9/2. Also In", In™5, and Sr®’ are each 
members of isobaric pairs, which is not the case with any 
of the known lead isotopes. 

Three other elements, copper, bismuth, and mercury, 
were used as G-M tube cathodes and irradiated. No 
activity was observed with any of these metals. Periods 
between 20 seconds and 5 hours could have been detected. 

BERNARD WALDMAN 


GeEorGE B. COLLINS 
iversity of Notre Dame, 
UNotre Dame, Indiana, 
January 30, 1940. 


1B. Pontecorvo and A. Lazard, Comptes rendus 208, 99 (1939). 

Collins, Waldman, Stubblefield and Goldhaber, Phys. Rev. 55, 507 
(1939); Phys. Rev. 55, 1129 (1939). 

3. F. Weizsacker, Naturwiss. 24, 813 (1936). 

4H. A. Bethe, Rev. Mod. Phys. 9, 226 (1937). 

5M. H. Hebb and G. E. Uhlenbeck, Physica 5, 605 (1938). 





Simultaneous Penetrating Particles in the 
Cosmic Radiation. II. 


In a previous paper’ we described some experiments 
which indicated the existence of showers containing at 


least two particles capable of penetrating about 17 cm of 
lead. Further measurements were made to obtain evidence 
on the size of showers and the number of penetrating 
particles. 

We increased the distance between the two telescopes 
of arrangement I to 120 cm and found that the coincidence 
rate decreased to 6X 10~* min.~ (Fig. 1) [12 coincidences 
in 18,800 min. with an error of +2X10~ min.~*]. 

A further measurement (III) was made with a fivefold 
coincidence set. The fifth counter was located between 
the two telescopes of arrangement I at the depth of 23 cm 
of lead (Fig. 2). The resolving power was carefully con- 
trolled, and the frequency of the random fivefold coinci- 
dences was of the order of 10-7 min. (one coincidence in 
20 years). As a preliminary result of the observation during 


Coinc./min. 
soxi0~* 


20m0~* 








the two telescopes. 


Fic. 1. Coincidence rates as a function of the distance between 
cosmic-ray te pes. 
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+ 
Fic. 2. Arrangement of tubes in a fivefold coincidence set. 


17,000 min. we obtained nine fivefold coincidences, that 
is a frequency of the order of 5X 10~ min.~. This indicates 
the existence of showers containing at least three particles. 

From Fig. 1 we deduce that the penetrating particles in 
the observed showers are spread over a surface of the 
order of 1 m*, and from the comparison of the results of 
the fivefold coincidences with those of the arrangement I 
we can determine that the frequency of fivefold coinci- 
dences is about 15 percent of the frequency of fourfold 
coincidences. Thus we conclude that a considerable part 
of the showers, in which fourfold coincidences are observed, 
contains so many particles that in about 15 percent of the 
showers registered in arrangement I (fourfold coincidences) 
the fifth counter should respond. The ratio of area of the 
fifth counter to the area of the whole shower is only 0.01. 
This suggests that the average number of particles in the 
observed showers is of the order of 15. 

A more detailed report on these measurements and others 
which are now in progress will be published elsewhere. 

G. WATAGHIN 
M. D. pe Souza SANTOS 


P. A. PoMPEIA 
Department of Physics, 
Sao Paulo University, 
Sao Paulo, Brazil, 
January 30, 1940. 


1G. Wataghin, M. D. de Souza Santos and P. A. Pompeia, Phys. 
Rev. 57; 61 (1940). 





Nuclear Electron Showers 


Although some of the light particles constituting the 
penetrating part of the large air showers can go through 
more than 15 cm of lead the evidence seems to be that 
they are electrons of high energy, ranging from 10" to 
about 10"* ev, and obey the Bhabha-Heitler cascade theory 
of shower production. However, Auger' has observed the 
presence of a considerable number of heavy particles 
(protons) in the penetrating part of the large air showers, 
and this fact prompts one to investigate whether there is 
evidence which would indicate the presence of a phe- 
nomenon other than that of the cascade process. 

In an article by Street? there are four photographs (the 
fifth I believe to be a meson shower) showing the presence 
of showers, but also containing tracks of heavy particles 
among the shower particles. This type of shower is rare 
compared to the usual type of cascade shower found at 
sea level, which contains tracks of electrons only. Street 
is therefore of the opinion that this type of shower may be 











different from the usual cascade type, and may be ascribed 
to some separate and less frequent process. 

The writer desires to point out that this infrequent type 
of shower observed by Fussell and described in Street's 
article is somewhat similar to the penetrating part of the 
large air showers, and both may be evidence of nuclear 
electron showers. The nuclear electron showers may be 
caused by a close interaction either of a high energy 
electron (~10'* ev) or a neutral meson with the nucleus, 
and are the subsequent production in one elementary act 
of a large number of electron pairs. For electrons of high 
energy (~10! ev) the probability for nuclear electron 
shower production becomes of the same order as the 
probability for the radiative process. For lower energies 
neutral mesons would have to be invoked as the principal 
shower-producing agent. The probability of a strong 
interaction between neutral mesons and the nucleus is 
suggested by a paper of Bethe.* The presence of the heavy 
particles in this type of shower is evidence of the participa- 
tion of the nucleus in this phenomenon. If the electrons 
produced in these showers have energies less than 10" ev, 
they are likely to initiate showers of the ordinary cascade 
type. But, if the nuclear electron showers indicate a break- 
down in theory, the emphasis should be not only on an 
energy cut-off but also on some limiting value of the order 
of e?/mc* for the range of interaction. Such a breakdown in 
theory would not influence either the scattering or the 
radiative processes, inasmuch as they are due to longer 
range interactions. 

Direct experimental evidence for pair emission from the 
nucleus is afforded by the recent work of Fowler and 
Lauritsen‘ who have observed the emission of electron 
pairs by fluorine when under proton bombardment. 
Although this is not multiple pair emission, it serves to 
suggest the possibility of a direct nonelectromagnetic 
interaction between electrons-positrons and the nucleus. 
In this connection it may be of interest to cite the recent 
careful experimental work of Sizoo and Barendregt® who 
have verified the anomalously large cross section. of the 
order of 10-* cm for the production of pairs by beta- 
electrons, first observed by Skobeltzyn and Stepanowa.*® 
This large cross section cannot be reconciled with the 
theoretical formula of quantum electrodynamics, and 
suggests a breakdown in theory. At these low energies 
(1 to 10 mc*) the probability for the radiative process is 
not much greater than the probability for the occurrence 
of the shorter range interactions as manifested by nuclear 


pair production and the anomalous scattering of beta-- 


particles. As emphasized above it is these short range 
interactions which are the cause of the breakdown of the 
theory. The applicability of existing theory to the higher 
energy ranges is evidently due to the fact that for higher 
energies forces of longer range than e*/mc* predominate. 
ALEXANDER W. STERN 


Brooklyn, New York, 
December 8, 1939. 


1 Auger, Maze, Ehrenfest and Freon, J. de phys. et rad. 10, 39 (1939); 
Auger and em Comptes rendus 209, 481 (1939). 

. C. Street, J. Frank. Inst. 227, 765 (1939). 

*H. A. Bethe, Phys. Rev. 55, 1261 (1939). 

4W. A. Fowler and C. C. Lauritsen, Phys. Rev. 56, 840 (1939). 


+ G. Sizoo and F. Barendregt, Physica 6, 1085 a 
* D. Skobeltzyn and E. Stepanowa, J. de phys. et rad. 6, 1 (1935). 
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Positive Point-to-Plane Corona in Pure A, H: and N, 


The positive point-to-plane corona studies of Triche] and 
Kip have been extended to very pure mercury-free A,N; 
and H; gases at pressures ranging from 380 mm to 760 mm 
in baked-out Pyrex tubes with outgassed electrodes, The 
gap length was 2.5 cm, and the point wasa hemispherically 
capped cylinder of 0.4 mm diameter. Experiments over g 
more extended pressure range are now under way. The pre- 
onset phenomena, starting potentials for burst p 
streamers and self-sustaining corona were studied with 
oscillograph, current and potential measurements as wel] 
as observations with telemicroscope. The oscillograph Was 
attached across a 3-megohm resistor in series with the plate 
using capacity pick-up. This arrangement recorded chiefly 
inductive kicks, but steady current produced corresponding 
shifts in the zero. For A and Hz, a one-stage pre-amplifier 
consisting of a 57 tube was required. The potentials for 
onset for the various phenomena in the different gases are 
shown in Table I. In A, pre-onset phenomena consisted of 
random individual pulses corresponding to externally 
produced ionization. These were due to individual aya. 
lanches produced at lower fields by electrons from y-ray 
ionization and at higher potentials by single electrons 
appearing in the gap. At higher potentials the pulses 
increased in amplitude and somewhat in frequency, 
Eventually a point is reached where photo-ionization of 
these avalanches suffices to give a succession of avalanches 
close together forming intermittent burst pulses. These are 
at first choked off by statistical fluctuations and later by 
accumulated space charge. At still higher potentials, the 
individual fluctuations in the burst pulses became larger in 
amplitude and occur with somewhat greater intervals of 
time between them. When the burst pulse corona becomes 
self-sustaining, increased current and potential cause the 
fluctuations to decrease in amplitude and increase greatly 
in frequency, as observed by Trichel. No streamers were 
observed, but the potentials were not carried to sparking 
for fear of contamination. In all the phenomena the 
amplitude of fluctuations was of the order of 107 to 107of 


TABLE I. Data on the different pre-onsel phenomena. 




















ARGON He N2 

Single Avalanche 
Pulses: 
Potential 1460 volts 2150 3600 
Current <10-" amp. <10-%” <10-" 
Oscill. Amplitude 1---3 cm 1---3cm 1++-3 cm 
Amplification in 
% of total Full Amplification = 100% 

Burst Pulses: 
Potential 1600 volts 2200 3750 
Current <10~-* amp. <10~-° s10” 
Oscill. Amplitude 3---S cm 3---5cm 3-+-Scm 
Amplification 100% 35% 10% ++ 20% 
Streamers: 
Potential 3800 volts 
Current 2+++5 X10~* amp. 
Oscill. Amplitude 5 cm 
Amplification ~1% ++ 5% 
Corona-Onset: 
Potential 1720 volts 2300 4000 
Current 5 X10~7 amp. 1x10-¢ 1x10-* 
Oscill. Amplitude 1 cm 1 cm 2¢m 
Amplification 30% 20% 10% 
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those in air or No. This comes from the low values of the 
fields at which ionization by collision sets in which reduces 
effective ionization about points. With the self-sustaining 
corona, the glow adheres to the point and is of a reddish 

Je color. At two to three mm from the point a very 
aint bluish white glow is observed. It is probable that this 
js due to the excitation phenomena associated with change 
of charge and inelastic impacts of the second class as the 
positive argon ions slow down. 

In Hz the sequence of the phenomena is essentially the 
same. The only notable difference is that the amplitude of 
the fluctuations observed in H: are two to five times as 
great and that owing to inelastic electron impacts the 
potentials are all higher. In N; the potentials required are 
still greater. Here the amplitudes of the avalanches and 

ses are less than in air but 100 times greater than in 
argon. It is thus not surprising to see streamer formation 
occurring at about burst pulse potentials. The streamers 
differ from those observed by Kip in two respects: 1. They 
are far more infrequent and occur in a more limited po- 
tential region. 2. The streamers cross the gap at onset but 
cause no breakdown. The infrequency must be ascribed to 
the absence of negative ions. The photoelectrons from the 
plate in air cross the gap as megative tons and reach the 
anode in time to start a new streamer as the positive ion 
space charge has cleared. In pure Ng, electrons cross the gap 
before the positive space charge from the last streamer or 
burst pulse clears and only an occasional electron or ion 
starts a streamer. That streamers cross the gap at onset for 
the short gaps used is natural; they also do in shorter air 
gaps. In pure N; the mobility of ions is twice that in air, 
and hence space charges are less so that crossing occurs for 
longer gaps. That the few streamers crossing at onset do 
not cause spark breakdown is in part due to the smaller 
streamer intensity in N». Photon absorption and photo- 
electric ionization density are less in pure N; so that the 
efficiency of the streamers in creating a cathode spot and 
an effective channel for the return spark is less. In N; 
streamers again occur just before breakdown. In argon 
breakdown appears to occur as a sort of a glow which is not 
preceded by streamer action. Further, more quantitative 
studies are being carried on. 


GERHARD L. WEISSLER 


Department of Physics, 
University of California, 
Berkeley, California, 
January 15, 1940. 





Bremsstrahlung of RaE 


In a previous paper,' we described a method for dis- 
tinguishing between the respective intensities of the 
“inner” and of the “outer bremsstrahlung” in the gamma- 
radiation of RaE. 

It should be remembered that this was obtained by 
measuring the whole of the radiation for different radiators, 
and extrapolating the results of the measurements to the 
case of a hypothetical radiator of atomic number zero, in 
which case the outer bremsstrahlung would be zero and the 
radiation exclusively composed of inner bremsstrahlung. 

It must be added that repeating the measurements with 
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a series of lead screens of various thicknesses also gives us 
information as to the quality of the radiation. 

The chief aim of our work was to investigate the problem 
of the inner bremsstrahlung; but the experimental data 
also provide us with the same indications for the outer 
bremsstrahlung (by subtracting the inner bremsstrahlung 
from the whole) ; and consequently enable us also to check 
the validity of the radiation quantum theory, in the range 
of 150-1000 kev. 

. We restrict ourselves to the case of a platinum radiator ; 
here, the gamma-radiation is composed chiefly of the outer 
bremsstrahlung. The inner bremsstrahlung contributes 
only a few percent so that the errors of determination in 
the inner bremsstrahlung do not affect the results for the 
outer bremsstrahlung very much. 

In order to determine by way of calculus the intensity 
and the quality of the outer bremsstrahlung of RaE, from 
its beta-spectrum, one should consider simultaneously: 
(1) the cross section of any electron of the absorbing 
platinum for the bremsstrahlung phenomenon; (2) the loss 
of energy of the beta-rays, almost exclusively due to 
collisions (ionization) ; (3) the number of beta-rays capable 
of giving rise to the phenomenon of bremsstrahlung. 

(1) Let us calculate in the case of platinum the cross 
section per electron for a photon with an energy between 
k and k+dk to be emitted, by the action of a beta-ray whose 
energy is E. It should be a function of E and k, which we 
may call: F(E,k)dk; the function is known theoretically 
(see e.g. Heitler*). 

(2) We may assume that the value of F does not change 
in an interval dE; the number Ndx of electrons which a 
beta-ray can approach while its energy remains between 
E and E—dE is given by the theory of the loss of energy 
by collisions (see again Heitler, reference 2, p. 219, for- 
mula 5). 

—dE/dx=NG(E), 
Ndx = —dE/G(E) 


(N is the number of electrons per cm*). 

(3) Let us call P(E)dE the probability of a beta-ray of 
RaE having an initial energy between ‘E and E+dE; the 
function P(Z) is known from the experimental research on 
the beta-spectrum of RaE. (See e.g. Flammersfeld.*) The 
average number of beta-rays capable of giving rise to the 
phenomenon is the probability of a beta-ray having an 
initial energy greater than E. This probability is: 


S(E) = I FmaxD(F)dE. 


The product of these three quantities: Fdk; Ndx; S(E); 
(only the latter to be found experimentally) will be of the 
form: 

H(E,k)dEdk. 


It represents the probability for a quantum with an 
energy between k and k+dk to be emitted by the action of 
a beta-ray of RaE, when the beta-ray has an energy be- 
tween E and E—dE. 

The integral 


R(k)dk =dk [HERE 


should represent the probability for a quantum with an 
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Fic. 1. Absorption curve of the outer bremsstrahlung. The dotted 
curve above is the experimental absorption curve of the radiation of 
RaE, when surrounded with a platinum radiator. The results of actual 
measurements are marked by crosses. The other dotted curve is the 
experimental absorption curve of the inner bremsstrahlung. The black 
circles represent the difference between the measurements marked by 
crosses and the corresponding values of the inner bremsstrahlung 
absorption curve. Accordingly, the black circles represent the experi- 
mental measurements of the absorption of the outer bremsstrahlung 
in lead, while the theoretical curve is the full curve on the figure. 


energy between k and k+dk to be emitted by the action of 
any beta-ray of RaE, at any time of its run. 

Now having the spectral distribution of the outer 
bremsstrahlung for a platinum radiator, we can easily 
determine quantitatively the absorption curve of that 
radiation in lead, as we did for the inner bremsstrahlung. 

The comparison with the experimental data is made in 
Fig. 1. The agreement is good, within the limits of an ad- 
mitted error of a few percent. 

It should be emphasized again that the comparison is 
here, as previously, both qualitative and quantitative. 

E. STAHEL 
J. GUILLISSEN 


Université Libre de Bruxelles, 
Brussels, Belgium, 
December 15, 1939. 


1 E. Stahel and J. Guillissen, J. de phy. et rad. (in press). 
2W. Heitler, Quantum Theory of Radiation (Oxford, 1936), p. 165, 


formula 16. 
3 F. Flammersfeld, Physik. Zeits. 38, 973 (1937). 





New High Pressures Reached with Multiple Apparatus 


It has been suggested a number of times that hydrostatic 
pressures of any magnitude could be obtained with a nest 
of pressure vessels, one within the other, exposed to pro- 
gressively higher pressures. The practical complications of 
such a scheme are, however, obviously great. By the 
partial use of such a scheme, in which the most vulnerable 
‘part of the pressure vessel receives external support, I have 
been able to extend useful measurements to 50,000 kg/cm?.' 
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This note reports a more complete application of the idea 
which has made it possible to reach pressures considerably 
higher. 

The gain in doubling the pressure apparatus may be 
considerably more than double because of the increase in 
intrinsic strength under high hydrostatic pressure, This 
was clearly foreshadowed by the experiments of Griggs? 
who found that the crushing strength along the c axis da 
single quartz crystal was increased from 22,000 to about 
120,000 kg/cm? by a confining pressure of 20,000 kg /em?. 
I have now applied to a Carboloy piston without fracture a 
compressive stress of between 200,000 and 250,000 kg/cms, 
The crushing strength of Carboloy under normal conditions 
is not more than 70,000 kg/cm*. The confining pressure 
was afforded by bismuth undergoing transition, so that the 
confining pressure was automatically kept at about 25,099 
kg/cm?. Under ordinary conditions Carboloy is highly 
brittle, and breaks with practically no plastic deformation, 
but under a confining pressure of this magnitude the 
Carboloy piston was plastically and permanently shortened 
by 5.5 percent, and considerably bent, with no perceptible 
cracks or other obvious damage. Glass-hard steel under the 
same confining pressure similarly shows an increase of 
compressive strength and very considerable plastic defor. 
mation, and also an appreciable increase of compressive 
strength at atmospheric pressure after the cold working 
afforded by the plastic deformation while supported. I have 
verified Griggs’ observation of the great increase of the 
strength of quartz single crystal under a confining pressure 
of 25,000, applying without fracture compressive stresses 
of the order of 150,000. The strength in the c direction js 
greater than at right angles, as was also found by Griggs, 
The effective Young’s modulus appears to be increased at 
this stress by something of the order of 25 percent. Quartz 
glass has its strength increased by something of the same 
order as the crystal. Quartz glass compressed in this way 
ruptures on release of pressure into characteristic disks 
perpendicular to the axis of compression, and Mr. Griggs 
finds that optical anisotropy has been developed, indicating 
some permanent plastic flow. He finds no optical anisotropy 
in any fragments of quartz crystals ruptured at high 
pressures. 

A “one sided” compressive stress in a piston may be 
converted into an approximately equal hydrostatic pres. 
sure in a thin disk of softer material compressed by the end 
of the piston, lateral extrusion of the soft material being 
prevented by friction. In this way I have applied a hydro- 
static pressure of between 200,000 and 250,000 kg/cm* toa 
thin plate of single crystal graphite at room temperature 
with no conversion to diamond. This extends the negative 
result beyond the pressure of 100,000 kg/cm? which I have 
already reported.’ Since the pressure of thermodynamically 
reversible transition is according to the most recent 
thermodynamic evidence not far from 20,000, it is probable 
that no pressure, however high, will accomplish the 
conversion at room temperature. This is suggested by the 
theory of Tammann, according to which the speed of 
formation of nuclei of a new phase at first increases as 
pressure is increased beyond the thermodynamically 
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reversible transition point, but then passes through a 
maximum and drops again. 

The experiments just described were mostly performed 
in my apparatus for 50,000 kg/cm?*, support being usually 
afforded by bismuth in transition, but sometimes by lead. 
My apparatus for 30,000 affords opportunity for support 
by a true liquid, for experiments on a somewhat larger 
scale, and for measurements of greater precision and 
complication. In this apparatus several exploratory meas- 
urements have been made on materials confined in a small 
cylinder of vs inch bore and ,% inch outside diameter, 
compressed by a yg-inch Carboloy piston. The cylinder of 
the 30,000 apparatus contains in addition to the trans- 
mitting liquid (iso-pentane) and a manganin gauge for 
measuring pressure a large block of bismuth, the function 
of which is to maintain pressure in the supporting liquid at 
25,000 during the transition, during which the motion of 
the main piston, 0.5 inch in diameter, is approximately 
0.1 inch. The initial quantity of liquid is so chosen, after 
preliminary trial, that the 0.5-inch piston makes up on the 
}y-inch piston at the moment that the transition pressure 
of bismuth is reached. The pressure on the 74-inch piston 
is then given roughly by the excess pressure on the 0.5-inch 
piston. In this way I have observed at pressures estimated 
to be between 125,000 and 150,000 kg/cm? an elastic 
volume compression in NaCl of something over 20 percent. 
The compression at 50,000 is known to be 13 percent,’ and 
the relation deviates markedly from linearity. It is therefore 
probable that NaCl has no transition with important 
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volume change to the CsCl type of structure, unlike the 
rubidium and potassium salts, and as predicted by Jacobs® 
on theoretical grounds. Sulfur has also been compressed to 
approximately the same pressure with about 30 percent 
loss of volume, and no irreversible change to a more 
metallic form, which is to be looked for in analogy with 
black phosphorus. Incidentally the possibility of reaching 
pressures so high in a cylinder of the above dimensions 
means an increase in strength of the cylinder for internal 
pressure (that is, in tension) markedly greater than would 
be accounted for merely by the additive effect of the 
supporting pressure of 25,000. 

Finally, preliminary exploration shows the feasibility of 
using inside the 30,000 apparatus and supported by 
uniform hydrostatic pressure, a miniature double container, 
supported by an external cone in the same manner as now 
employed in my 50,000 apparatus, with resulting further 
increase in the range of controllable and measurable 
hydrostatic pressure. 


P. W. BRIDGMAN 


Physics Laboratories, 
Harvard University, 
Cambridge, Massachusetts, 
January 18, 1940. 


on YS, Baagean, Phys. Rev. 48, 893-906 (1935) and Phys. Rev. 57, 
7 ( ). 
ons} Griggs and J. B. Bell, Bull. Geol. Soc. Am. 49, 1723-1746 
1 . 
3 P. W. Bridgman, Phys. Rev. 48, 832 (1935). 
‘F. D. Rossini and R. S. Jessup, Nat. Bur. Stand. J. Research 21, 
491-514 (1938). 
5’ Second reference under (1). 
*R. B. Jacobs, Phys. Rev. 54, 468-474 (1938). 
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MINUTES OF THE COLUMBUS, OHIO, MEETING, DECEMBER 28-30, 1939 


HE 41st Annual Meeting (the 232nd regular 

,meeting) of the American Physical Society 
was held at Columbus, Ohio, on Thursday, 
Friday and Saturday, December 28, 29 and 30, 
1939, in affiliation with Section B—Physics of 
the American Association for the Advancement 
of Science. All sessions of the meetings were 
held at The Ohio State University. The presiding 
officers were Professor John Zeleny, Vice Presi- 
dent of the Society, Dr. W. E. Forsythe, Pro- 
fessor R. C. Gibbs, Professor Elmer Hutchisson 
and Dean Alpheus W. Smith. 

On Friday afternoon, December 29, at two- 
thirty o’clock the Society held a joint session 
with Section B of the American Association for 
the Advancement of Science and with the 
American Association of Physics Teachers. Dr. 
Herbert E. Ives of the Bell Telephone Labora- 
tories delivered an address entitled ‘“The Meas- 
urement of Velocity and Atomic Clocks.” 
Professor I. I. Rabi of Columbia University 
addressed the session on the subject ‘Radio- 
frequency Spectra of Atoms and Molecules.” 
The presiding officer was Dr. Karl K. Darrow 
of the Bell Telephone Laboratories. 

On Friday evening, December 29, the Society 
held a joint dinner with the American Association 
of Physics Teachers at the Deshler-Wallick 
Hotel. The attendance was approximately two 
hundred. Dr. Karl K. Darrow presided. 

Annual Business Meeting. The regular Annual 
Business Meeting of the American Physical 
Society was held on Friday afternoon, December 
29, 1939 at two o'clock, Vice President Zeleny 
presiding. Dr. W. H. Brattain reported for the 
tellers that the following had been elected as 
officers for the year 1940: 

President, John Zeleny; Vice President, George 
B. Pegram; Secretary, W. L. Severinghaus; 
Treasurer, George B. Pegram; Members of the 
Council, F. G. Brickwedde and Henry D. Smyth; 
Members of the Board of Editors, Samuel K. 
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Allison, Philip M. Morse and John A. Wheeler. 

The Secretary reported that during the year 
221 persons had accepted election to member. 
ship. He reported the deaths of 14 members, 
that 40 members had resigned and 51 members 
had been dropped. The membership as of 
December 26, 1939 was as follows: Fellows: 
788; Members: 2772; Honorary Members: §; 
Total Membership: 3565. 

The Treasurer presented a summary of the 
financial condition of the Society. The Treas. 
urer’s financial report will be audited, printed 
and distributed to the members. 

Dr. J. W. Buchta, the Assistant Editor, made 
a brief report on the general status of the 
publications of the Society and stated that a 
detailed and audited financial report for 1939 
would be printed and distributed to the members, 

The meeting adjourned at two-twenty P.M. 

Meeting of the Council. At the meeting of the 
Council held on Thursday morning, December 
28, 1939, eighteen candidates were elected to 
fellowship and thirty-four candidates were 
elected to membership. Elected to fellowship: 
Allen V. Astin, C. Hawley Cartwright, Jacob 
Clay, Gioacchino Failla, James B. Fisk, William 
W. Hansen, Serge A. Korff, Henry M. O’Bryan, 
Arthur L. Patterson, Franco Rasetti, Lynn H. 
Rumbaugh, Leonard I. Schiff, Theodore E. 
Sterne, Arthur von Hippel, Milton G. White, 
Howell J. Williams, John H. Williams, and E. 
Bright Wilson, Jr. Elected to membership: Thomas 
C. Bagg, F. Meade Bailey, Clifford Beck, Sister 
Bernarda, Maurice A. Biot, William W. Bee- 
man, Harvey Brooks, Allan L. Burton, Jr., 
George W. Charles, Vinton C. Fishel, Herbert 
Friedman, William Garten, Jr., Herbert Gold- 
stein, Roy Goslin, Eugene M. Grabbe, Theodore 
Jorgensen, Jr., Mother Marion Kent, Kenneth 
E. Keyes, J. Stewart Marshall, Ralph W. Mann, 
Karl Martinez, Boyce D. McDaniel, James 0. 
McNally, Eugene McNatt, Park H. Miller, Jr., 
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AMERICAN PHYSICAL SOCIETY 


Wilford E. Morris, Jacob Neufeld, H. F. New- 
hall, E. W. Richmeyer, Charles F. Robinson, 
Richard Scheib, Jr., Wave H. Shaffer, Erwin F. 
Shrader, and William Widmaier. 

The regular scientific program of the Society 
consisted of seventy-five contributed papers of 
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which six, numbers 22, 37, 53, 54, 61 and 72, 
were read by title. The abstracts of the con- 
tributed papers are given in the following pages. 
An Author Index will be found at the end. 


W. L. SEVERINGHAUS, Secretary 





ABSTRACTS 


1. Effect of Hyperfine Structure upon the Magnetic 
Rotation of the Plane of Maximum Polarization of Reso- 
nance Radiation. BERTRUND J. MILLER, St. Ambrose 
College. —An equation has been developed for the polariza- 
tion, and the angle of maximum polarization of resonance 
radiation as observed along a magnetic field perpendicular 
to the electric vector and the direction of propagation of 
the incident beam. Explicit application has been made to 
the polarization and the angle for the line 4S9—'P; for 
various values of the ratio of the hyperfine separation 
constant to the natural breadth of the levels, for a nuclear 
moment of 4. It was noted here that the form of the curves 
might differ widely from that to be expected from classical 
considerations. The polarization, and the angle of maxi- 
mum polarization for the D lines, for several values of the 
same ratio, were computed and compared with experi- 
mental observations. Thus a range of possible values of A 
was determined, which is not in disagreement with previous 

and a value for r established which agrees well with 
that calculated from optical dispersion data. 


2. The Excitation of High Stages of Ionization in Gases. 
Harry D. PoLsTER AND FRED W. PAut, Ohio State Uni- 
versity. (Introduced by Harold P. Knauss.)—Various 
methods have been employed in an attempt to produce 
high stages of ionization in gases to make possible the spec- 
troscopic investigation of highly ionized rare gas atoms. 
Of these the most successful have been the use of a con- 
densed discharge in a quartz or Pyrex capillary and in a 
Geissler tube. Banks of condensers having capacitances of 
0.1 uf, 0.3 uf, and 0.9 uf have been charged with voltages as 
high as 25 kv and then discharged through the gases. The 
resulting light is very brilliant and bluish-white in color. 
The spectra have been recorded with a 3-meter grazing 
incidence vacuum spectrograph. In testing the set-up 
oxygen has been used and the spectra of O III, O IV, and 
O V have been brought out quite strongly. Preliminary 
observations in the spectra of neon have permitted the 
identification of a few lines of Ne V. 


3. The Spectra of Cb V and Cb VII. GeorGce W. CHARLES 
AND FRED W. PauL, Ohio State University. (Introduced by 
Harold P, Knauss.)—Condensed sparks in a high vacuum 
chamber between electrodes of columbium metal have been 
used as a source of light on a 3-meter grazing incidence 
vacuum spectrograph. The resulting spectrograms have 
been measured and the data have been partially analyzed. 


Tentative identifications have been made in the spectra of 
Cb V and Cb VII with the aid of isoelectronic sequence 
data. The brightness of these spectra and the fact that they 
can account for only a small part of the lines observed lead 
to the hope that some identifications may be made in the 
spectra of Cb VI and Cb VIII. 


4. The Zeeman Effect in Krypton. J. B. Green, D. W. 
BOWMAN AND E. H. Hurisurt, Ohio State University.— 
The spectrum of krypton emitted in a magnetic field of 
about 36,000 gauss has been measured, using a high 
frequency electrodeless capillary discharge. Preliminary 
measurements indicate that a revision of Pogany’s measure- 
ments! is necessary, especially for 4p°5s (1s: and 154) which 
are found by us to have values much closer to the theoretical 
values than Pog4ny’s, which seem to be inverted. A much 
closer agreement with theory is also found for the 4p°5p 
configuration. Rasmussen's? reclassifications of some of the 
levels are checked, and a few further reclassifications 
suggested. 


1B. Pog4ny, Zeits. f. Physik 93, 364 (1934-5). 
? E. Rasmussen, Zeits. f. Physik 73, 779 (1931-2). 


5. Sommerfeld’s Fine Structure Constant. ALFRED 
LanpDE, Ohio State University.—The suggestion' of obtaining 
the electronic density amplitude ¥(r) and Sommerfeld’s 
constant a from a homogeneous integral equation, which 
was transformed into a consistent theory by M. Born? 
through his idea of a phase retardation inside the electron, 
is revised by a reciprocal treatment of (p, EZ) and the 
distances (Ar, At). The equation (cAt)*— (Ar)* = —a?* deter- 
mines the time At of a signal traveling Ar. Then At=0 for 
Ar=a means particles of diameter a, similar to Dirac’s theory 
of the classical electron,’ with a=-ye*/mc@ and y=2/3. 
If R=r/a we obtain the integral equation 


V(R) = (ya/2x)\ SY(R)K (ya, |R—R’|)dV’, 


where dV’ is the noninvariant volume element divided by 
a*, and K is the symmetric kernel 
K =JS,°dP4xP*Xsin (AP)/(AP) 
Xsin[sB(P?+1)*}/(B(P?+1)*), 
A=vya|R-—R’|, B=-7ya(|R—R’|?—1)}. 
1/a is calculated to be 136.08. 
1A. Landé, J. Frank. Inst. 228, 495 (1939). 


2M. Born, Proc. Roy. Soc. Edinburgh 49, 219 (1939). 
+P. A. M. Dirac, Proc. Roy. Soc. A167, 148 (1939). 
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6. Spectroscopic Comparison of Strengths of Hydrogen 
Bonds Between CH;OD and Certain Solvents.* WALTER 
Gorpy, Mary Hardin-Baylor College, AND SPENCER C. 
STANFORD, The College of Wooster.—Forty-two different 
organic liquids are rated according to their proton- 
attracting power by comparing the strengths of the 
hydrogen bonds which they form with heavy methyl 
alcohol. The classes of liquids studied are: aldehydes, 
ketones, esters, ethers and amines. The amount of per- 
turbation which the different solvents produce in the OD 
vibrational band of the CH;OD is taken as a measure of 
the &trength of the deuterium bridges formed with the 
CH;OD. The study is a continuation of a previous work 
in which 26 similar liquids were observed, and the results 
agree with those of the former study in showing that 
the proton-attracting power of the different classes of 
liquids rises in the order: esters <aldehydes and ketones 
<ethers<amines. From the data gathered it is possible 
to observe the effects of unsaturation, substitution and 
other structural variations on the electron donor power of 
the O or N atom to which the OD group forms a bond. It is 
shown that the strength of the deuterium bonds formed 
with CH;OD bears a close relation to the basicities of the 
solvents to their reactivities with certain other com- 
pounds, and to their solubilities for other proton donor 
solutes. There appears to be no correlation between the 
dipole moments of the solvents and the strengths of the 
bonds formed with the CH,OD. 


* The observations reported here were made in the Mendenhall 
Laboratory of Physics, Ohio State University. 


7. New Measurements on the Vibration-Rotation Bands 
of Water Vapor. HaracLp H. NIELSEN, Ohio State Univer- 
sity—The five bands »2(1595 cm™), 2»2.(3152 cm), 
v3(3756 cm), ve+v3(15,332 cm) and »,+93(7253 cm~), 
using Dennison’s notation, have been remeasured under 
high dispersion. By enclosing the optical parts of the spec- 
trometer with an air-tight box it has been possible almost 
completely to resolve these bands. Much more detail 
in the rotational structure is discernible than is possible 
in the earlier absorption curves,! and many separations 
between lines have been recorded of 0.5 cm™ or less. While 
the lines observed have not been completely classified, 
some modifications of the analysis by Mecke* appear neces- 
sary. This is especially true of 2v2 where an additional line, 
not earlier recorded, has been found near the center so 
that the interval between the two most intense lines 
nearest the center is reduced to about 40 cm™ as is the 
case for the fundamental »;. Measurements on the spectra 
of the “heavy” waters are also in progress. High dispersion 
data on the frequency vs have been completed and the 
band is almost completely resolved. 


1 Phys. Rev. 37, 1493 (1931); 39, 77 (1932). 
2 R. Mecke, Zeits. f. Physik 81, 313 (1933). 


8. The Infra-Red Absorption Spectrum of the Deutero- 
Acetylenes. ALvin H. NiEtsen,* Ohio State University.— 
The spectrum of the deutero-acetylenes has been re-inves- 
tigated from 2.0u to 10.0u, using prism and grating spec- 
trometers. The gas was made by allowing high purity D,O 
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to react with calcium carbide which had been thoroughly 
baked out. No bands of C,H: were observed. The Prism 
curve revealed the following bands for C;:DH: v2 at 3349 
cm™, ys at 2560 cm™, 2% at 1340 cm™, and »4+», a 
1202 cm~. In C,D2 the bands observed were »; at 2414 
cm~ and »4+¥»; at 1043 cm™. By means of a grating having 
4800 lines per inch, vz in C,DH was resolved giving a 
rotational Av of 1.98 cm™. The rotational Av for 2» anq 
va+vs in C,DH, determined by means of a grating having 
2000 lines per inch, are 1.98 cm™ and 1.96 cm™, respec. 
tively. The moment of inertia calculated from the average 
of these spacings is 28.0X10-* g cm? in agreement with 
the value 27.9X10-* g cm? of Herzberg, Patat and 
Spinks? determined from photographs of near infra-red 
overtone bands. The lines in 2», and »4+ 5 appear complex, 
This may be because of superposition of corresponding 
bands in H—C®—C®—D, H—C®—C"—D, H-—C8~¢n 
—D, and H—C8—C"—D,. The remaining unresolved 
bands are being measured and will be reported at a later 
time. 


* University of Tennessee. 

1 E. F. Barker and H. M. Randall, Phys. Rev. 45, 124(A) (1934): 
W. F. Colby, Phys. Rev. 47, 388 (1935). , 

2 Herzberg, Patat and Spinks, Zeits. f. Physik 92, 87 (1934), 


9. Infra-Red Absorption Spectrum of Methylphenyi- 
acetylene. ForREsT F. CLEVELAND AND M. J. Murray, 
Armour Institute of Technology.—The infra-red absorption 
spectrum of methylphenylacetylene (CsHsC =CCH,) 
between 500 and 2300 cm™ has been obtained with a prism 
spectrometer. The results are compared with the Raman 
spectrum, previously measured by the authors,! and are 
found to be inconclusive as regards the assignment of the 
fundamental whose overtone, according to Badger’s 
hypothesis,? is responsible for the resonance doubling of 
the frequency near 2230 cm™!. The frequency near 1100 
cm which most nearly satisfies the frequency condition 
for resonance is a weak one at 1095 cm™. The first overtone 
of this frequency, 2190 cm™, has a value even less than 
that of the smaller frequency of the doublet, 2214, 2254, 
The second overtone of the 756 cm= frequency, 2268 cm, 
on the other hand, is greater than the larger frequency of 
the doublet. The authors wish to express their appreciation 
to Professor H. M. Randall for the use of his laboratory at 
the University of Michigan and to Mr. Robert A. Oetjen 
for his assistance in obtaining the experimental record. 


1M. J. Murray and Forrest F. Cleveland, J. Am. Chem. Soc. in press, 
2R. M. Badger, J. Chem. Phys. 5, 178 (1937). 


10. The Absorption Spectra of a, 8, y, 5-Tetraphenyl- 
porphine and a Series of Its Metal Complex Salts. V. M. 
ALBERS AND H. V. Knorr, Antioch College —The absorp- 
tion spectra of a, 8, y, 6-tetraphenylporphine and the Cd, 
Ag, Zn, Pb, Ni, Co, FeCl, MnCl and SnCl, complex salts 
have been studied over the region from 900 my to 370 m 
in benzene solution, using a recording spectroradiometer 
previously described.! No absorption bands were observed 
for any of these substances between 900 my and 700 m. 
They all, however, show characteristic absorption in the 
visible region. Absorption curves, showing molecular ab 
sorption coefficients as a function of wave-length, have 
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been determined for all of these substances from 700 mu 
to 370 mz. 
1V. M. Albers and H. V. Knorr, J. Opt. Soc. Am. 28, 121-123 (1938) 


11. The Fluorescence Spectra of a, 8, y, 5-Tetraphenyl- 
ine and Some of Its Metal Complex Salts. H. V. 
KNORR AND V. M. ALBERS, Antioch College-—The fluo- 
rescence spectrum of a, 8, y, 4-tetraphenylporphine in 
anhydrous benzene and under an atmosphere of Ne, has 
been photographed by a method previously described." 
The spectra of the Ni, FeCl, and Ag complex salts have 
also been photographed under similar conditions. A fluo- 
rescence band is observed with its maximum at 655 mu, 
for each of these substances. This same band was also 
observed for tetraphenylporphine under an atmosphere 
of CO:. Two additional bands have been observed in the 
near infra-red portion of the spectrum for the tetra- 
phenylporphine. 


1H. V. Knorr and V. M. Albers, Cold Spring Harbor Symposia on 
Quantitative Biology 3, 98-107 (1935). 


12. A Constant Current Network for Supplying Power 
to a Cyclotron Oscillator. A. J. ALLEN, University of 
Pittsburgh, AND R. G. FRANKLIN, Biochemical Research 
Foundation of the Franklin Institute-——A constant current 
network using 3 phase-4100 v from the power distribution 
system and supplying from 0.6 to 3.6 amperes up to 12 kv 
to the plates of a cyclotron oscillator has been developed. 
The network makes use of a simple resonant circuit for 
transforming constant voltage to constant current.! The 
capacitors are made variable in steps and the inductor 
continuously variable to give the desired power output. 
The voltage, current, and protection requirements for the 
various parts are given. The network tends to eliminate 
power surges, provides a convenient method for regulating 
the power input into the cyclotron, and eliminates the use 
of transformers for the plate supply. 


1 Elec. Eng. 54, 102 (1935). 


13. The Ohio State University Cyclotron. ALPHEUs W. 
SmitH AND M. L. Poot, Ohio State University.—A brief 
introduction to the cyclotron here under construction will 
be made. The salient features to be discussed include the 
magnet frame, glass-insulated and water-cooled magnet 
coils, vacuum chamber and system, radiofrequency oscil- 
lator system and quarter wave-length transmission line. 
The relation of the cyclotron to other departments in the 
University will be pointed out. 


14. Performance of Westinghouse Electrostatic Gen- 
erator up to 3.7 mv. W. H. WeLLs, R. O. Haxsy,* W. E. 
SHoupr* anD W. E. STEPHENS,* Westinghouse Research 
Laboratories.—The voltages attained as a function of pres- 
sure up to 80 pounds per sq. in. are limited with the present 
belt arrangement by sparking, mainly along the surfaces 
of the belts. Voltages are measured with a generating 
voltmeter which has been calibrated against gamma-ray 
resonance values determined at the University of Wis- 
consin. Molecular hydrogen ions of masses two and three 


AMERICAN PHYSICAL SOCIETY 





347 





are used to determine the linearity and calibration con- 
stant of the voltmeter when used as a null instrument. 
Voltages in the region of 3 mv are constant for observing 
times of several minutes to less than 0.5 percent and can 
be read during these time intervals to 0.2 percent. 


* Westinghouse Research Fellow. 


15. Coincidence Measurements in As”. L. M. LANGER, 
A. C. G. MitcHecyt anv P. W. McDaniet, Indiana Uni- 
versity.—Using a strongly activated source of As’* (26 
hours), prepared by irradiation of As by slow neutrons 
from the Berkeley cyclotron, gamma-gamma and beta- 
gamma coincidences have been investigated. The maxi- 
mum energy of the beta-rays was measured by absorption 
in Al, using a single counter. The end point was found to 
be 3.24 mv. The number of gamma-gamma coincidences 
was found to be 0.28+0.02 per thousand gamma-rays 
detected. Beta-gamma coincidences were measured as a 
function of the thickness of aluminum absorber placed 
between the source and the beta-ray counter. The number 
of beta-gamma coincidences per thousand beta-rays de- 
tected was found to vary with the energy of the beta-rays. 
The shape of the curve suggests that there are at least two 
groups of beta-rays present, both of which go to an excited 
state of Se7®, 


16. Investigation of Beta- and Gamma-Rays from Sb™ 
and Sb™, A. C. G. MitcHett, L. M. LANGER anp P. W. 
McDANIEL, Indiana University—The beta- and gamma- 
rays emitted by Sb, irradiated by slow neutrons, have been 
studied by the method described in the previous abstract. 
In Sb both beta-rays and gamma-rays were observed to 
be associated with each of the two periods of 70 hours and 
60 days. The energy of the gamma-rays was measured by 
the coincident method of absorption of Compton electrons. 
The radiation was found to be inhomogeneous. The highest 
energy gamma-ray, which is associated with the long 
period, has an energy of 1.7 mv as determined from the 
range of the Compton recoils. Gamma-gamma coincidences 
decay with the long period, indicating more than one 
gamma-ray associated with this period. Absence of gamma- 
gamma coincidences with the short period indicates that 
only one gamma-ray of measurable intensity is associated 
with it. The maximum energy of the beta-rays of the long 
period was found, by absorption in Al, to be 1.53 mv. 
That of the short period is not greater than and probably 
equal to the same value. Beta-gamma coincidences, meas- 
ured as a function of the energy of the beta-rays, show 
that there is only one group of beta-rays associated 
with the long period and this leads to an excited state 
of Te. 


17. The Disintegration of N“ and N” by Deuterons. 
M. G. Hottoway, Cornell University. (Introduced by R. F. 
Bacher.)—The study of the disintegration of N“* and N*® 
has been continued using a gas mixture having much higher 
concentration (70 percent) of N™. A search has been made 
for alpha-particle and proton groups in the region between 
7 cm and 3 cm range. A new alpha-group of 3.48 cm range 
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was found at the end of the very intense distribution of 
alphas below 3.2 cm. This 3.48-cm alpha-group is at- 
tributed to the N“(da)C"® reaction in which the C” is left 
in an excited state at 7.78 Mev. There is some indication 
of a proton group of about 3.5 cm range, which would 
arise from the N%(dp)N" reaction. 


18. Lithium and Carbon (f,n) Thresholds. R. O. 
Haxsy,* W. E. SHoupp,* W. E. STEPHENS* AND W. H, 
WELLS, Westinghouse Research Laboratories.—Using high 
energy protons from the Westinghouse pressure electro- 
statie generator,! we have bombarded targets of lithium 
hydroxide and graphite and measured the thresholds for 
the production of neutrons. The neutrons were detected 
by a boron trifluoride ionization chamber surrounded with 
paraffin and connected to a linear amplifier and counter. 
The linearity and constant of the generating voltmeter 
was determined by measuring the 0.862-Mev gamma-ray 
resonance? from F(p,y) at 1.724 Mev and 2.586 Mev 
using H,* and H;*. Hence our voltages depend on the 
Wisconsin voltage calibration of the fluorine resonances. 
The Li’(p,n)Be?—Q, threshold occurred at a proton 
energy Ep=1.86+0.02 Mev. This gives Q:=1.62+0.02 
Mev and Be’—Li’=0.86+0.03 Mev. This difference is 
somewhat lower than the estimate of 1.0 Mev made by 
Rumbaugh, Roberts and Hafstad* from the fraction of 
K-electron captures accompanied by gamma-rays, but 
is within their limits of error. This threshold is also 
smaller than that measured by Hill and Valley‘ due, 
perhaps, to our use of a more sensitive neutron detector. 
The C#(p,n)N%—Q, threshold was measured at Ep=3.20 
+0.03 Mev giving Q:=2.97+0.03 Mev and N¥®—C# 
=2.21+0.03 Mev. So N®8=C®+e,+y+1.19+0.03 Mev. 
This agrees well with Lyman’s observed value of the 
maximum energy of these positrons=1.198+0.006 Mev.§ 


. Wesines se Research Fel 
wae. ells, Phys. Rev. hae 599(A) (1939); J. App. Phys. 9, 677 
? Bernet, Herb and Parkinson, Phys. Rev. 54, 398 (1938). 


t ik E. Hill and G. E. Valley, Phys. Rev. 55, 678(A)_ (1939). 
M. Lyman, Phys. Rev. 55, 234 (1938). 


19. Radioactive Isotopes of Sr, Y and Zr. L. A. Dv- 
BRIDGE AND JOHN MARSHALL, University of Rochester.— 
Bombardment of Rb, Sr and Y with protons, deuterons 
and neutrons produces eleven radioactivities whose assign- 
ments, periods, properties and methods of formation are 
as follows: 


Sr®: isomers, 60 min. and 65 days, x-rays and gamma- 
rays only, 0.8 Mev y-ray accompanying long period; 
Rb*(p,n). 

Sr**; 2.7-hr, isomeric state, 0.37 Mev y-ray internally con- 
verted ;! Rb™(p,), Sr®(m,n) and Y®(85 hr.)+e.~. Cross 
section for Sr®(n,n)Sr®* is of the same order of magni- 
tude as for In™®(n,n)In™5*, 

Sr®: 55 days, e~, Sr®(d,p)*. 

Y*%: 15 days, K capture, Sr™(d,n). 

Y*: 80 days, K capture, 2 Mev y-ray, Sr®(p,”). 

Y®™: isomers, 85 hr. and 14 hr. 85-hr. activity, but not the 
14-hr., decays by K capture to Sr*’*(2.7 hr.). Over 95 
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percent of the equilibrium activity of this period is dye 
to conversion electrons of Sr*’*, Both periods formed by 
Sr*"(p,") and Sr®(d,n).? 

Y®; 2 hr., e+, Sr®(p,m) and Sr®"(d,n).? 

Zr®: isomers, 4 min. and 70 hr. Short period emits only 
x-rays and gamma-rays in isomeric transition, 70-hr. 
period emits 1-Mev positrons. Y*(p,). 


1L. A. DuBridge and J. Marshall, Phys. Rev. 56, 706 (1939). 
2 Reported also by D. W. Stewart, Phys. Rev. 56, 629 (1939), 


20. The Production of Radium E and Radium F from 
Bismuth. J. M. Cork, J. HALPERN AND H. Tater, Upj. 
versity of Michigan.—It was shown by J. Livingood that on 
bombarding bismuth with 22-cm deuterons, neutron cap. 
ture resulted in the formation of radium E. When the 
energy of the incident deuterons is increased it is now 
shown that both radium E and radium F (polonium) are 
made during bombardment. The latter process is asgo. 
ciated with a proton capture. By observing the subsequent 
alpha-activity, making use of a linear amplifier and cloud 
chamber, data are obtained showing the yield of each 
product at varying excitation energies. At 10 Mev about 
four atoms of radium E are formed for each one of polo. 
nium. An apparent threshold energy for radium F exists 
at about 6.8 Mev. The atomic cross sections at 10 Mey 
are 9X10-* cm? and 4X10-* cm? for the formation of 
radium F and radium E, respectively. 


21. Nuclear Excitation by Charged Particles Which Do 
Not Penetrate the Potential Barrier. EUGENE FEENBERG, 
Washington Square College, New York University—aA 
charged particle passing near a nucleus may lose some of 
its kinetic energy without actually penetrating the po- 
tential barrier. The mechanism for the energy transfer is 
the Coulomb interaction between the particle and the 
protons in the nucleus. In the inhomogeneous and rapidly 
changing Coulomb field of the particle, the nucleus is 
subjected to forces which tend to produce distortion 
without change in volume. The momentary distortion 
resolves itself into a superposition of surface vibrations 
which persist until the excitation energy is lost in radia- 
tion or transferred to other types of motion in the nucleus. 
The coupling energy between a charged particle and the 
surface vibrations of a uniformly charged liquid drop has 
been determined and applied to compute the cross section 
for inelastic collision. In contrast to the more general 
formula given by Weisskopf, the expression for the cross 
section obtained from the liquid-drop model contains no 
undetermined nuclear matrix elements. Most of the cross 
section arises from the excitation of the surface wave with 
two units of orbital angular momentum. In very heavy 
nuclei this type of surface vibration has an excitation 
energy of about 0.8 Mev.? For particle energies greater 
than 3 Mev the cross section varies as the square of the 
momentum of the ‘incident particle and in the case of 
6-Mev alpha-particles on lead has a value greater than 
10-76 cm?. 


1V. F. Weisskopf, Phys. Rev. 53, 1018 (1938). 
2N. Bohr and A . Wheeler, Phys. Rev. 56, 426 (1939). 
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22. Scattering and Polarization of Electrons. M..E. 
RosE,* Yale University.—The possibility of accounting for 
the observed small polarization of electrons in double 
scattering! and the anomalously small scattering of fast 
electrons (E=S00 kv) in heavy elements? by assuming 
non-Coulomb forces near the nucleus is examined. Without 
any assumptions as to the nature of the forces it is found 
that due to the small range, in general either sy or py waves 
can be scattered but not both. With the correct polariza- 
tion the scattering of sy waves yields too small an intensity 
at low energies (E5300 kv). Scattering of py waves results 
in a correct polarization and scattering at low energies but 
the scattering at high energies cannot be made less than 
70 percent Coulombian whereas about 15 percent Cou- 
lombian scattering is required. Under special conditions 
both s; and pj waves may be scattered. A necessary con- 
dition for this is that the logarithmic derivatives of both 
inside wave functions at the boundary be nearly equal to 
-(1+(1—*Z*)!) /range. This requires a very large inter- 
action at small distances. The sufficient conditions for 
correct polarization and scattering are found in the form 
of a special energy dependence of the logarithmic deriva- 
tives of the inside wave functions at the boundary. 


* Sterling Fellow. 

1 For example, E. G. Dymond, Proc. Roy. Soc. Al45, 657 (1934). 

2A, Barber and F. C. Champion, Proc. Roy. Soc. A168, 159 (1938). 

23. The Crystalline Electric Field in CuSO, : 5H;0. 
0. M. JoRDAHL, Northwestern University.—With the pub- 
lication of data on the principal magnetic susceptibilities 
of CuSO,: 5H,0,' it becomes possible to study in detail 
the symmetry and magnitude of the crystalline electric 
field around the cupric ion. According to the analysis by 
Krishnan and Mookherji,' both for the crystal as a whole 
and for the single ion in the crystal, two of the principal 
magnetic susceptibilities should be the same. The value of 
the third principal susceptibility is less than the other 
values by about 20 percent in the crystal but is greater by 
about 40 percent in the case of a single ion. Using methods 
previously employed? we assume a predominant crystalline 
electric field of cubic symmetry and superpose a smaller 
field of tetragonal symmetry suitably oriented. The very 
large asymmetry in the magnetic susceptibilities means 
that the departure from cubic symmetry is considerable. 
Nevertheless it is the cubic field (fourth degree term) 
which primarily determines the mean magnetic suscepti- 
bility. The potential term in the Hamiltonian is 

V=D(xt+y'+2") +A (x*—2y2%+s") where D>A. 

Excellent agreement is secured between the computed 
and “observed” values of the principal magnetic suscepti- 
bility of the cupric ion if the x’y’ axes of the tetragonal 
field make angles of 45° with the x,y axes of cubic field 
and the splittings of the energy levels produced by the 
cubic and tetragonal fields are, respectively, 18,300 cm= 
and 2550 cm™. A tetragonal component whose axes co- 
incide with the cubic field axes is unsatisfactory. The rela- 
tion between this assumed field and the crystal structure 
of CuSO,: 5H,0 * will be discussed. 


1K. S. Krishnan and A. Mookh ji, Phys. . 50, 1936); 54, 
533 and 841 (1938). ey ee re 

+0. M. Jordahl, Phys. Rev. 45, 87 (1934). 

C. A. ts and H. Lipson, Proc. Roy. Soc. Al46, 570 (1934). 
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24. Interaction of Electrons with Nuclei. E. Guru, 
University of Notre Dame.—The deviations from theory of 
observed fine structure of Hg and Dg, isotope displacements 
and electron scattering by nuclei can be explained by 
assuming that Coulomb’s law for the interaction between 
electrons and nuclei breaks down at a certain distance ro. 
The experimental results indicate that inside the nucleus 
there exists either a small negative potential (~Ze*/r») 
with a large nuclear radius, or a big positive potential 
with a small radius (~e*/mc*). The effect of such deviations 
from Coulomb's law on the scattering of electrons is calcu- 
lated, and it is shown that observable effects may result 
for electron energies of about 1.5 Mev and higher. Scatter- 
ing experiments might distinguish between the two types 
of nuclear potentials mentioned. An interpretation of 
isotope displacement data over the whole periodic system 
is made by using a two-parameter nuclear potential. The 
displacements can be interpreted partly as the outcome of 
an additional electron-proton (and electron-neutron) inter- 
action. The specific effects expected to result from such 
deviations from Coulomb's law will be discussed for various 
phenomena e.g. polarization of electrons in double scatter- 
ing etc. 


25. Calculation of Transmission Coefficients and Ex- 
planation of the Periodic Deviations from the Schottky 
Line. CHARLES J. MULLIN AND E. Gutu, Universily of 
Notre Dame.—In order to calculate transmission coeffi- 
cients by the W.K.B. method for certain potential barriers, 
especially for those with sharp boundaries, approximations 
higher than the first (hitherto not used) are considered. 
The necessary formulae are developed. Former calculations 
using the first W.K.B. approximation are shown to be 
inconsistent. Interference effects in the transmission 
coefficient can explain the recently discovered periodic 
deviations from the Schottky line.' Both exact and W.K.B. 
calculations for simplified potential barriers account fairly 
well for the observed deviations.* 


1D. Turnbull, ef al., Phys. Rev. 56, 652, 663 (1939). 
* Cf. also H. M. Mott-Smith, Phys. Rev. 56, 668 (1939). However, 
with the special fields that he considered, he did not show this effect. 


26. Some Properties of Retarded and Advanced Po- 
tentials. Boris Popotsky AND Kalser S. Kunz, Uni- 
versity of Cincinnati.—The general solution of inhomo- 
geneous wave equations of the type Vye—(1/c*)#¢/ar 
=—4rp, for the case of a charged particle moving in an 
external field, with the total field assumed known at the 
time ¢=0, can be written in either of the two forms: 
¢=retarded potential+y,, or ¢=advanced potential +2, 
where y; and yz are suitably chosen complementary func- 
tions. To study the*properties of the complementary func- 
tions, and to obtain physical interpretations, space-time 
is divided into three regions: (1) the absolute past of the 
particle at ¢=0, (2) the absolute future of the same, and 
(3) the remaining region. It is then found that: first, in 
region (3) ¢ is independent of the shape of the world line 
of the particle; second, in region (1) ¥2 is independent of 
the shape of the world line; third, in region (2) y is 
independent of the shape of the world line. Application 
of this result leads to the conclusion that the retarded 
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potential gives the field produced by the particle, while 
¥1 gives the effects of the external field. The corresponding 
statement cannot be made for the advanced potential 
and y2. 


27. Magnetic Forces. F. W. WARBURTON, Universily of 
Kentucky.—The force of one electron on another developed 
from Riemann’s potential is attractive because of its sym- 
metry, action-reaction and propagation. The induced 
e.m.f., computed from the force of protons and electrons 
in a primary circuit acting on electrons in the secondary 
circuit, contains explicitly the relative velocity of the 
secondary element and the field-producing apparatus and 
the acceleration of the primary electrons. It satisfies the 
unipolar induction experiments with a rotating solenoid, 
the acceleration term canceling the motional term. How- 
ever, when applied to the orbital electrons in the magnet 
acting on electrons in the secondary wire the results are 
not so favorable. This force and other similar symmetrical 
expressions, as well as the nonsymmetrical conventional 
magnetic force, obey constancy of field momentum plus 
mechanical momentum. 


28. Analysis of B:H, with a Mass Spectrometer. JoHN 
A. Hippce, Jr.,* Westinghouse Research Laboratories.— 
A mass-spectrometer of the magnetic analyzer type has 
been constructed by platinizing the inside of a glass tube 
bent in the form of a semicircle. This is simpler and more 
convenient than the customary method of inserting a 
curved metal shielding tube inside the glass, and appears 
to function as well. The tube may be baked out in the 
same manner as before. A sample of B2H¢ has been analyzed 
using 90-volt electrons. As this has the same structure as 
C:He, a comparison of the relative intensities of the corre- 
sponding products is given in the following table (corrected 
for the isotope effect in B2Hg): 


X:He X2Hs X2H« X2:Hs X:H: X:H X: XH X 
B 0 100 448 217 63.7 £429 22 O 40 
Cc 100 76 360 105 62 12 2.5 2.5 1 
Peaks at the mass numbers 11.5, 12 and 13 with intensi- 
ties relative to B2He¢ of 4.9, 12.6, and 17.7, respectively, 
were not included in the table because the interpretation is 
not clear due to the effects of the isotopes and doubly 
charged ions. The most striking feature of the analysis is 
the absence of the ion corresponding to the simple ioniza- 
tion of the parent molecule. There was a small peak at 
mass 28, but it seems likely that this is a slight N, im- 
purity. In any case, B2H,g is less than 1/1000 of B2Hs. 


* Research Fellow. 


29. Collisions of Negative Atomic Ions with Molecules. 
Paut F. DarRBy AND WILLARD H, BENNETT,* Ohio State 
University—A method for the analysis of the particles 
derived from the collisions of negative atomic ions with 
molecules has been developed. The ions are produced in a 
glow discharge and formed into a beam in high vacuum 
by electron lenses. A narrow velocity range is selected by 
passing the beam through a magnetic field. It is then 
focused into a collision chamber where it passes through a 
unidirectional beam of molecules proceeding at right angles 
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to the ion beam. The ions thus formed are collected into a 
beam and separated by a magnetic field in the same manner 
as the initial ion beam. This procedure makes for clear cyt 
results and easier handling of the colliding ions although 
the resolving power of the system is not great. Details of 
design and experimental results will be given. 

* Now with Electronic Research Corporation. 


30. Electrical Discharge on Liquid Surfaces. L. p 
Snoppy, HuGu F. Henry Anp J. W. BEAms, University of 
Virginia.—The study of electrical discharges on surfaces 
of conducting liquids previously reported! has been ex. 
tended to include surfaces of soap bubbles, bubbles of air 
in liquids, and the surface of water covered with oil. The 
discharges in each case are produced by a high potential 
impulse from a Marx circuit (maximum potential about 
80 kv). The soap bubbles were formed between two metal 
pipes which formed the discharge electrodes. The discharge 
path follows the surface of the bubbles, although this 
distance is approximately 1.5 times the straight sparkover 
distance. This occurs with the bubble filled with Hy, air, 
or illuminating gas and does not seem to depend appre- 
ciably on the film thickness. The same results are obtained 
for bubbles passing between two electrodes in the interior 
of a viscous slightly conducting liquid. The discharge in 
most cases follows the surface of the air cavity. In the case 
of water covered with oil, the discharge follows the water 
oil interface. 

1L.B. Snoddy and J. W. Beams, Phys. Rev. 55, 663 (1939), 


31. Progressive Breakdown in a Long Discharge Tube. 
F. H. MitcHety, University of Virginia. (Introduced by 
L. B. Snoddy.)—Negative impulsive potentials were ap- 
plied to an electrode in one end of a glass discharge tube 
12 meters long and 14 cm in diameter, containing dry air. 
By means of a high speed cathode-ray oscillograph, a 
family of curves was obtained expressing the average 
speed of the discharge between two electrodes 6.4 meters 
apart as a function of applied potential (25 to 115 ky) 
and pressure (0.006 to 8.0 mm Hg). With increasing 
potential and pressure the speed reached a maximum, 
which varied from 3X 10° cm/sec. (at 0.3 mm and 25 kv) 
to 1.010" cm/sec. (at 1.5 mm and 115 kv). At higher 
pressures the speed for all potentials decreased approxi- 
mately exponentially, with increasing pressure, becoming 
1X 10° cm/sec. at values ranging from 1.0 mm and 25 kv 
to 8 mm and 115 kv. The luminous column completely 
filled the tube at all pressures used, in contrast to the pre- 
viously noted! contraction when positive potential was 
applied. 

1 Dietrich, Snoddy and Beams, Phys. Rev. 53, 923 (1938). 


32. Dielectric Properties of the Rutile Crystalline Modi- 
fication of TiO: L. J. BerBertcH AND M. E. Bet, 
Westinghouse Electric and Manufacturing Company.— 
Most materials have dielectric constants in the range 1-10. 
Notable among the exceptions is rutile, the crystalline 
modification of TiOz which is stable at high temperatures, 
Three samples of this material have been investigated in 
the form of disks pressed from powdered crystals, then 
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sintered. Curves of dielectric constant against frequency 
show a rise at very low frequencies, probably attributable 
to interfacial polarization, with a uniformly high value of 
approximately 100 extending through the highest radio- 
frequencies, falling off only in the infra-red region. With 
increasing temperature the dielectric constant decreases 
with an average coefficient of 8.2xX10-4/°C in the tem- 
perature range of 20 to 120°C. Only a very few of the 

materials investigated so far, including TICI, TIBr and 
rutile, show this negative coefficient of dielectric constant. 
The conductivity of rutile is well represented in the high 
temperature region by a straight line on the semi-log plot 
against the reciprocal of the absolute temperature. The 
dielectric constant of typical mixtures of rutile with low 
dielectric constant materials shows agreement with the 
empirical logarithmic mixture formula, 

In €m =X; In €;+-22 In €2. 

A qualitative explanation of the high dielectric constant 
and negative temperature coefficient can be made in the 
light of published work on weakly ionic crystals, assuming 
that the degree of ionic binding varies with the distance 
between titanium and oxygen atoms, resulting in a large 
electric moment being formed for a relatively small move- 
ment of the mass points. 


33. Nonlinear Resistance Elements in Circuit Networks. 
Peter I. WoLp, Union College-—Graphical methods for 
treating circuit networks containing nonlinear resistance 
elements are found to be particularly powerful, and applica- 
tion of such methods to vacuum tube circuits has proved 
highly effective. If linear resistance loads are used in the 
latter, the form of the J,—E, curve, is set by the char- 
acteristics of the tube; and the voltage curve taken over 
the output load, will be of the same form. By using properly 
chosen nonlinear elements in the load, there arises the 
possibility of modifying the J,—E, characteristic in a 
desired manner. In this case also, the output voltage curve 
will, in general, be of a different form from the output 
current curve. Nonlinearity of the output curves, because 
of the tube nonlinearity, can be reduced very substantially. 


34. Another Criterion in the Identification and Predic- 
tion of Half-Lives. G. Dickson, P. W. McDANIEL AND 
E. J. Konopinski, Indiana University.—By taking care to 
eliminate the effects of fast neutrons, we have minimized 
the intensity of the 4-min. V® activity usually produced 
strongly when chromium is bombarded by Ra-Be neutrons 
and have obtained evidence for a weak activity of 2.27 
hours half-life. This we identified chemically as due to 
chromium and assign to Cr®*. This finding is of interest as 
a confirmation of a method of predicting and identifying 
half-lives based on the treatment of nuclei differing by an 
alpha-particle as analogous. The logarithms of known 
half-lives of such analogous nuclei were plotted as a func- 
tion of atomic number. For most series with odd isotopic 
number fairly smooth behavior is thus obtained. There is a 
continuous rise up to the stable isotopes of each series 
and a subsequent falling off. The 2.27-hour half-life we 
found fitted in well with the series for Cr® (we had pre- 
dicted 3 hours) whereas Cr*! should have a half-life longer 
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than 10 years. Other assignments heretofore made on 
questionable grounds can now be made more definitely; 
for example, the 2.5-hr. Ni activity is thus Ni® rather 
than Ni®. A total of about 80 predictions of yet unknown 
half-lives with varying degrees of reliability have been 
listed by us on the basis of this method. 


35. Positron Energy Distribution of Si”. R. L. Mc- 
Creary, G. Kuerti anp S. N. VANVooruis, University 
of Rochester —An induced radioactivity produced by the 
bombardment of aluminum with protons has previously 
been reported.' The half-life of this activity was found to 
be 3.7 seconds and the observed threshold 6.0+0.1 Mev, 
giving a value for the minimum reaction energy of 5.80.1 
Mev. The assignment was made to Si®’ by the reaction, 
Al*"(p,n)Si®’, since no other reaction could account for the 
large yield. Further experiments have been made with a 
cloud chamber in a uniform magnetic field to check the 
sign of the emitted particles and to measure their energy 
distribution. Because of the short half-life, the sample was 
mounted on the end of an arm which could be moved 
alternately into the proton beam and in front of a window 
in the side of the cloud chamber. At the same time switches 
attached to the arm turned on the cyclotron filament in 
the first position and set off the cloud chamber expansion 
in the second. The bombardment of the sample lasted 3 
seconds and the time between the end of bombardment 
and the expansion of the cloud chamber was 1} seconds. 
The tracks produced in the cloud chamber were those of 
high energy positrons and over 1000 of these tracks have 
been measured. By inspection the upper energy limit of 
the distribution is found to be 3.74 Mev. A Fermi plot, 
following the method of Kurie et al.,? yields the same 
value. This is smaller than the value of 4.0+0.1 Mev 
expected from the reaction energy and larger than the 
value 3.4 Mev calculated on the basis of the Coulomb 
energy.® 


+G. Kuerti and S. N. Van Voorhis, Phys. Rev. 56, 614 (1939). 
F.N.D. Kurie, J. R. Richardson and H. C. Paxton, Phys. Rev. 49, 
368 (936) 
. White, L. A. Delsasso, J. G. Fox and E. C. Creutz, Phys. 
Rev So. 512 (1939). 


36. Experiments with Mono-Energetic Slow Neutrons. 
C. P. BAKER AND R. F. BacuEer, Cornell University.—The 
arc ion source employed in the cyclotron has been operated 
at 400 cycles with thyratron control which gave an on- 
time of 50 to 150 microseconds. It has been found that the 
deuteron beam starts and stops in a few microseconds and 
thus gives rise to well-defined bursts of neutrons from the 
beryllium target. Control of an amplifier used with BF; 
ionization chamber by a method different from that used 
by Alvarez,'! made possible the detection of those neutrons 
which had a predetermined time of flight from the source.’ * 
Preliminary results indicate that the work can be carried 
to energies well above the Cd cut-off which has been 
found to occur at approximately 0.15 ev. Present evidence 
also indicates that the Cd resonance is resolved from the 
absorption which occurs at lower energies and that the 
maximum resonance absorption occurs at 0.1 ev. 


1L. W. Alvarez, Phys. Rev. 54, 609 (1938). 
usa Moon, Thomson and Wynn-Williams, Nature 142, 829 
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37. The Scattering of Resonance Neutrons in Paraffin. 
V. W. Conen, H. H. Gotpsmitu, Columbia University, 
AND M. HAMERMESH, New York University—In view of 
the importance of the neutron-proton scattering cross 
section, we have extended our previously reported work! 
by measuring the scattering in paraffin of Ag and In 
neutrons. These have the advantage of a smaller AE/E 
value than the Rh resonance neutrons. Ag has the addi- 
tional advantage of having a larger resonance energy. 
The result for both Ag and In neutrons is ¢=20+2(10-) 
cm*, agreeing with the value obtained by us for Rh. 
Simon# has recently reported a value of 14.8+5 per- 
cent for the scattering of Ag and I neutrons in water. 
However, due to the poor geometrical arrangement he 
employed, the corrections in Simons’ experiment are both 
large and difficult to evaluate. Until he has stated what 
corrections he made we cannot consider his value in dis- 
agreement with ours. 


1 Cohen, Goldsmith and Schwinger, Phys. Rev. 55, 106 (1939)... 
2 L. Simons, Phys. Rev. 55, 792 (1939). 


38. The Elastic Scattering of Fast Neutrons. R. F. 
BacHER, Cornell University —Experiments! with the neu- 
trons from the Be*(d,n)B*® reaction as detected by the fast 
neutron reaction Al*"(n,p)Mg*’ have been continued and 
extended to C and Cu as scatterers. The accuracy of the 
experiments has been somewhat increased and is believed 
to be about 5 percent. Surrounding detector and source 
with carbon gave no increase in activity while the similar 
experiment for copper gave a 6 percent increase which 
may just possibly be real. There is no evidence of appre- 
ciable “elastic” scattering. Since the above experiment is 
most affected by large angle scattering, a further experi- 
ment has been carried out with and without a hollow 
cylinder of the scattering material between source and 
detector and with the detector at greater distance (12 cm) 
from the source. Increases of activity in the detector of 
15, 30 and 36 percent for C, Cu and Pb, respectively, were 
observed indicating definite evidence of ‘‘elastic’’ scattering 
at small angles. 

1R. F. Bacher, Phys. Rev. 55, 679 (1939). 


39. The Magnetic Moment of the Neutron. Luis W. 
ALVAREZ, University of California, AND F. BLocu, Stanford 
University—The magnetic resonance method of deter- 
mining nuclear magnetic moments in molecular beams, 
recently described by Rabi and his collaborators, has been 
extended to allow the determination of the neutron mo- 
ment. In place of deflection by inhomogeneous magnetic 


- fields, magnetic scattering is used to produce and analyze 


the polarized beam of neutrons. Partial depolarization of 
the neutron beam is observed when the Larmor preces- 
sional frequency of the neutrons in a strong field is in 
resonance with a weak oscillating magnetic field normal 
to the strong field. A knowledge of the frequency and field 
when the resonance is observed, plus the assumption that 
the neutron spin is 4, yields the moment directly. A new 
method is described which permits the magnetic moment 
of any nucleus to be determined directly in absolute 
nuclear magnetons merely by a measurement of the ratio 
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of two magnetic fields, (1) that at which resonance occurs 
in a Rabi type experiment for a certain frequency, ang 
(2) that at which protons are accelerated in a cyclotron 
operated on the mth harmonic of that frequency. The fina] 
result of a long series of experiments during which 209 
million neutrons were counted is that u.=1.93,+0,03 
absolute nuclear magnetons. 


40. The Radiofrequency Spectra of Atoms. P. Kuscu, 
S. MILLMAN AND I. I. Rast, Columbia University —The 
ground states of many atoms possess hyperfine structures 
whose intervals range from about 0.005 to 0.4 cm—, The 
usual optical methods are limited in precision and resoly. 
tion by line widths and instrumental factors. For many 
questions it is of interest to possess more precise measure. 
ments of these intervals, whether large or small, than 
exist in the literature. We utilize the absorption and 
stimulated emission of electromagnetic waves of appro. 
priate frequency (several hundred megacycles) by atoms 
in an atomic beam. The lines represent transitions within 
a hyperfine structure multiplet. The transitions are ob. 
served by the effect on the atom rather than on the radija- 
tion. The resonance lines are so narrow that they exhibit 
clearly resolved Zeeman patterns in a field of only 0.2 gauss, 
Some lines are 10-* cm™ wide. The precision of frequency 
measurement in this region is very high and an accuracy 
of 0.01 percent was obtained with little difficulty. The 
hyperfine structure of the ground states of Li® and L? 
was measured with the purpose of comparing the resultant 
ratio of nuclear moments with the moment ratio obtained 
directly, and to see how well hyperfine structure can be 
explained by the effect of nuclear magnetic moment alone, 
The results agree to one part in 2000. It is possible to 
utilize this method even when the available electromag. 
netic frequencies are only a portion of the hyperfine struc- 
ture interval by observations on the Zeeman pattern at 
high magnetic fields. 


41. The Problem of the Scattering of Fast Electrons. 
Joun A. WHEELER, Princeton University.—Recent electron 
deflection experiments of Fowler and Oppenheimer and 
Oleson, Chao, Halpern and Crane have given results 
which disagree quite strikingly with theoretical predic- 
tions, such as those of Williams, based on present theory. 
The investigation whose results are reported here shows 
that the discrepancy can be accounted for on the the- 
oretical side neither by possible uncertainties in the screen- 
ing of the atomic field, nor by the influence of the polariza- 
tion of the electron spin, nor by any fault in Williams’ 
method of treating multiple scattering, nor by any’ first- 
order effect of interference of the scattered electron waves 
coming from different atoms. However, for crystals above 
a critical size ¢ given by mdctt,~1 (nm atoms per unit 
volume, A de Broglie wave-length, o scattering cross sec- 
tion), higher order interference effects become important 
(as in the Darwin-Ewald x-ray theory) and reduce the 
predicted scattering to a value which is, within the prob- 
able limits of error, in accord with the observations cited. 
We thus have no reason based on these experiments to 
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doubt that we can represent the interaction between 
electrons and nuclei in a collision process in terms of 
simple electrostatic forces. 


42. On the Applicability of Quantum Theory to Meso- 
tron Collisions. J. R. OPPENHEIMER, University of Cali- 
fornia.—The application of quantum mechanics to 
Yukawa’s theory of mesotrons gives a cross section for 
mesotron-electron collisions which agrees with the classical 
result for energy transfers under 10" v. ; for higher energies 
the probability of a given fractional energy transfer be- 
comes independent of mesotron energy; these anomalous 
terms in the cross section correspond to the sesquipole 
moment of the mesotron spin. The complete result agrees 
quantitatively with the magnitude and variation with 
material and filtration of the soft component of cosmic 
radiation, with the dependence of shower and burst pro- 
duction on shower size, and with the absolute probability 
of burst production. Parallel calculations for nuclear colli- 
sions and for bremsstrahlung give cross sections too large 
to be reconciled with experiment. In all cases momentum 
transfers large compared to uc (u the mesotron mass) 
occur; only for the electron collisions is the coupling energy 
small compared to the proper energy of the fields (and 
then only for energies,under 10" v.), This condition, and 
not the smallness of the momentum transfer, would thus 
seem to limit the applicability of present theory. 


43. A Simple Calculation of Disintegration by Mesons. 
J. F. Cartson, Purdue University.—The collision of a 
meson with a nucleus in which the meson is absorbed by 
one of the nuclear particles should give rise to energetic 
protons or neutrons. For any but the simplest nuclei this 
process is quite complicated. For the simplest nucleus, a 
deuteron, the calculations have been carried out and the 
dependence of the cross section of this collision on the 
meson energy and the binding energy of the deuteron 
has been obtained. Both the scalar and vector models 
of the meson have been used. The cross sections for 
meson energies are found to be quite sensitive to the model 
used. The cross section for the scalar model goes to zero 
directly as the velocity of the meson, while for the vector 
model this dependence is as the cube of the meson velocity. 
In both cases the dependence on the binding of the particles 
is as the square root of their binding energy. 


44. Calcite Diffraction Patterns and X-Ray Line Widths. 
LeonaRD T. PocKMAN, Cornell University.—Probably our 
most direct knowledge of the calcite diffraction pattern 
comes from Miller’s' recent calculations based on double 
spectrometer work of L. G. Parratt. Some important 
assumptions demanded in Miller’s calculations are not 
required in a similar calculation based on curves obtained 
with a single spectrometer of high geometrical resolving 
power. This is a preliminary report of work undertaken to 
obtain such curves. A secondary objective is to obtain 
further evidence bearing on the large discrepancy between 
line widths measured with the double spectrometer and 
with the focusing spectrograph. Two adjustable slits of 
novel design have been constructed. The jaws of each slit 
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are of lead glass, optically flat on faces (1 cm X0.7 cm) 
forming the slit. Parallelism, secured by forcing the 
movable jaw against the stationary jaw and retained by 
frictional forces, was found good with slit width of 10-* cm 
by an optical method and 10~* cm by x-rays. The zero 
reading of the slit micrometer is determined photographi- 
cally with x-rays. For the present work the total reflection 
from the faces causes no complication. Preliminary 
photographic width measurements of Mo Ka, with a 
spectrometrically good calcite, give uncorrected results only 
a few percent wider than the narrowest (1, +1) widths 
reported with the double spectrometer. 
1 F. Miller, Phys. Rev. 56, 757 (1939). 


45. K Emission and Absorption: Fine Structure of 
Copper. S. T. STEPHENSON, State College of Washington.— 
The Kronig type fine structure in the absorption spectrum 
of many elements is well known. Several authors have also 
reported emission structure lying as much as a hundred 
volts on the short wave-length side of various K8:,, lines. 
This structure might be (1) Kronig type absorption in the 
target of the emitter or it might be (2) real emission due to 
lattice electrons in permitted energy zones of the target 
returning to vacant K levels. For (2) to be possible one 
would have to have: first, vacant K levels caused by electron 
bombardment of the copper target; second, electrons in 
the higher permitted energy zones of the copper crystal 
due again to the continual electron bombardment of the 
copper target; and third, transition probabilities which 
allow this type of transition. A careful study of the posi- 
tions of the emission bands from copper as compared with 
the absorption structure appears to decide, contrary to 
some preliminary results,’ against this latter hypothesis. 
Absorption in the target is the source of most if not of all 
the emission structure observed in these experiments for 
copper. A similar study is carried out for some other 
elements. 


1S. T. Stephenson, Phys. Rev. 56, 856 (1939). 


46. K-Absorption Edges of Kr (36) and Br (35).* C. H. 
SHAW AND T. M. SnypDER, Johns Hopkins University.—The 
K-absorption edges of krypton and bromine have been 
measured with a double crystal spectrometer. An argon- 
alcohol Geiger counter was used to measure the x-ray 
intensities. The absorption edge of krypton is practically 
without structure, due to the relatively great width of the 
K level. A rough estimate of the width of the K level may 
be made and is 2.6 volts. For bromine the structure is 
confined to a single intense region of transmission on the 
high frequency side of the absorption edge in agreement 
with the results of Cioffari.! The present results indicate 
that any other structure in the curve is less than 2 percent 
of the intensity of the first absorption minimum. The 
structure for bromine to be expected from theory was cal- 
culated in a manner similar to that used by Petersen for 
his calculations on chlorine.* The scattering phases were 
determined by extrapolating from those for krypton as 
calculated by Faxén and Holtsmark.* The theoretical 
results agree with experiment in predicting a region of 
transmission at the observed position. The predicted dis- 
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tance of the absorption minimum from the edge is 5.4 
volts, while the observed distance is 5.6 volts. The theory, 
however, indicates that there is more than one maximum, 
in disagreement with the experimental results. It was 
thought possible that predicted structure farther from the 
edge than the observed minimum is washed out by the 
varying interatomic separation due to molecular vibra- 
tions. Present calculations indicate, however, that such is 
not the case. 


* This research was s ngpens by a grant-in-aid made to Professor 
J. A. Bearden from the Penrose Fund of the American Philosophical 


ety. 
1 B. Cioffari, Phys. Rev. 51, 630 (1937). 
2H. Petersen, Zeits. f. Physik 80, 258 (1933). 
3 Faxén and Holtsmark, Zeits. f. Physik 45, 307 (1927). 


47. Secondary X-Ray Diffraction Maxima From To- 
bacco Mosaic Virus. I. FANKUCHEN,* Birbeck College, 
University of London.—A preliminary account! ? has been 
given by Bernal and the writer of x-ray studies of tobacco 
mosaic virus. Briefly the x-ray patterns from oriented 
specimens consist of two quite distinct parts. The small 
angle scattering varies with the virus concentration while 
the large angle scattering is quite independent of it. These 
parts are termed the inter- and intramolecular patterns, 
respectively. The reflections forming the intramolecular 
pattern of an unusually well oriented solution of virus 
could be measured accurately. The unit cell dimension 
(68A) along the particle length could be determined 
directly from the layer line separation. The cell dimensions 
at right angles presented difficulties in their determina- 
tion. The diameter of the particles (152A) was known from 
intermolecular patterns! and the observed reflections could 
all be explained only by assuming a unit cell within the 
particle of greater size than the known particle diameter 
itself. This difficulty is removed however if the reflections 
are indexed on the basis of an hexagonal unit cell, a= 88A, 
c=68A. Some reflections cannot then be given integral 
indices and are attributed to secondary maxima which 
occur because of the small number (3) of unit cells within 
the individual particle. If this explanation is correct, it is 
interesting as being the first occasion on which secondary 
maxima have been observed for x-rays. 

* Now National Research Council Fellow in Protein Chemistry, 
mee. Department, Massachusetts Institute of Technology. 


Bernal and I. Fankuchen, Nature 138, 1051 (1936). 
. D. Bernal and I. Frankuchen, Nature 139, 923 (1937). 


48. A Study of the Changes Produced in Metals by 
Hammering. RAYMOND G. SPENCER AND J. WALLACE 
MARSHALL, Albion College-—A small cylinder, fitted with 
two accurately ground solid pistons, was used to hold the 
specimens while they were hammered. X-ray diffraction 
patterns show the crystallites in malleable iron are first 
markedly strained and then broken up into fine fragments 
and, in so doing, are partially relieved of strain. When a 
major portion of the crystallites are powdered, the sample 
has very little strength. This is in agreement with one of 
the conclusions drawn by Spencer! from his studies of 
fatiguing. The diffraction patterns of aluminum can be 
explained by assuming that some of the crystallites are 
strained and then broken up after which another portion 
is strained and broken up. In the case of Dow metal, some 
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of the lines are displaced, some increase in intensity, some 

decrease in intensity and some completely disappear, Jp 

order to explain this, it seems necessary to assume that 

the hammering has partially relieved the original strain 

in some sets of planes in the crystallites, has introduced 

strain in other sets of planesand hascaused gliding of others. 
1R. G. Spencer, Phys. Rev. 55, 991 (1939). 


49. Emission and Absorption Processes Involving the 
3d and 4s Bands of Copper and Nickel.* H. Friepmay 
AND W. W. BEEMAN, Johns Hopkins University. (Introduced 
by J. A. Bearden.)—Neither the shapes nor the wave-length 
positions of the K-absorption edges of copper and nicke| 
are changed when these elements are alloyed together. 
This indicates either that the constituents of the alloy do 
not share a common band system or that the ionization of 
the K shell of the absorbing atom so perturbs its outer 
levels that they do not mix with the levels of adjacent 
atoms. The K£:,5 lines which arise from transitions of 
conduction electrons into the K shell have been measured 
for these alloys and considerable evidence has been found 
for a shared band system. Structure on the high frequency 
side of the Cu Kf:2,; line, which has been interpreted! as 
emission from the 4s band of Cu, disappears in the iow per. 
centage copper alloys. In such alloys the 4s electron of 
copper is shared with the nickel. 


*This work was supported by a grant made to Professor J. A, 
i A from the Penrose Fund by the American Philosophical Society, 
Ww . Beeman and H. Friedman, Phys. Rev. 56, 392 (1939). 


50. Order in the Copper-Gold Alloy System.’ L. H. 
GERMER AND F, E. Haworth, Bell Telephone Laboratories, 
—A high temperature electron diffraction camera has been 
developed in which diffraction patterns of alloy films have 
been obtained by the transmission method. Studies have 
been made of copper-gold alloys containing 25, 50 and 75 
atomic percent copper. Results of many of the experiments 
are in approximate agreement with those of x-ray inves- 
tigations upon quenched alloys. For example, films of the 
alloy containing 25 atomic percent copper have been found 
to have a face-centered cubic structure in which ordering 
is not developed by any heat treatment ; films of 50 atomic 
percent copper develop a simple tetragonal structure upon 
heating to temperatures below 375°C, above this tempera- 
ture the structure is face-centered cubic and disordered, 
and in films which have been slowly cooled from tempera- 
tures above 375°C crystals have been discovered which 
have a complex orthorhombic structure together with 
other crystals which are tetragonal ;? films of 75 atomic 
percent copper develop the well-known cubic superstruc- 
ture. In the course of the investigation many observations 
have been made regarding atomic diffusion in these alloys 
and regarding the corrosion of the alloys at various elevated 
temperatures. 


; <caneins work reported in Phys. Rev. 56, 212 (1939). 
See C. H. Johansson and J. O. Linde, Ann. d. Physik 25, 1-48 (1936). 


51. Astigmatism, Aberration and Coma of Concave 
Gratings. H. BEUTLER, University of Chicago.—For 15,000 
lines/inch gratings of six to twenty feet curvature, the 
effects of higher order terms in the grating formula are 









ah tia 2 Be 


eR > aye 3220 82] =p @® ses we 


ty] 


SBQSRSRB 


x0 
pre: 
whi 
cyli 
unit 


opp 
is ki 
limit 
Wo 
a do 





AMERICAN PHYSICAL SOCIETY 355 


masked by the graininess of the photographic plate. These 
effects were revealed in adjusting some large 30,000 
lines/inch gratings on a 67”-circle and on a 30-foot circle. 
The grating theory has been developed for the extension 
of slit, of rulings and of images perpendicular to the Rowland 
plane. The general results are represented by a set of 
graphs, which show for any angle of incidence and of 
reflection: (1) the wave-length and the dispersion ; (2) the 
astigmatism in (a) the length of the spectral lines from a 
point source on the slit and (b) the slit length necessary 
for giving the optimum intensity on the plate; (3) the 
allowed grating width (limited by aberration), restricting 
the attainable resolving power and brightness of the 
spectrum ; (4) the coma arising from the extension of the 
rulings and of the slit, limiting the length of the rulings for a 

rmissible loss in resolving power. From these diagrams, it 
is possible to determine, for any desired wave-length range, 
the angles at which the optimum brightness and resolving 
power are obtained, provided the grating considered has a 
uniform reflectivity, as is true for most 30,000 line gratings. 


52. A High Power Tungsten Light Source. N. METRO- 
potis AND H. BEUTLER, University of Chicago.—The usual 
type of tungsten ribbon lamp (carrying about 16 amp.) 

ved too weak for-absorption spectra under high dis- 
persion (0.4-0.2A/mm) ; the same difficulty arose with the 
conventional hydrogen discharge tube (especially with an 
astigmatic grating). Some attempts were made with 
graphite rods electrically heated in argon at atmospheric 
pressure, but graphite evaporates too rapidly at 3000°C. 
In the present form, we use a tungsten ribbon 3’ X}” 
x0.02” carrying 150 amp. a.c. in argon at atmospheric 
pressure. The tungsten ribbon is clamped to monel leads, 
which screw into two concentric, water-cooled brass 
cylinders. They form with an insulating layer a compact 
unit that is sealed with Picein into a three-liter Pyrex bulb. 
The lamp has an additional quartz window diametrically 
opposite to facilitate alignment. The tungsten temperature 
is kept near its melting point (3600°K). The lifetime is 
limited to about 50 hr. by the evaporation. The deposit of 
W on the exit window is rendered negligible by interposing 
a double slit system. At \3000A the brilliancy of W at 
3600°K is 80 times greater than that of a commercial ribbon 
lamp kept at 2600°K; at ASOOOA the gain is twenty-fold. 


53. Spectral Transmission of Glucose Glass in the Near 
Infra-Red. Witt1 M. Coun, El Cerrito- Berkeley, Cali- 
fornia.—The transmission of samples of glucose glass 
varying in thermal history was previously investigated.' 
This work covered the visible part of the spectrum. Trans- 
mission data in the near infra-red are presented now as far 
as could be obtained photographically (12,000A). No limit 
of absorption was found at long wave-lengths as far as 
tested. The possible use of organic glass for investigations 
in the near infra-red is discussed. 

‘Willi M. Cohn, “A Spectral Investigation of Glucose Glass,” 
J. Chem. Phys. 6, 65-67 (1938). 

$4. Radio-Phosphorus in Soil Studies. Stanvey S. 
BaLLarD AND L. A. Dean, University of Hawaii.—The use 
of radioactive phosphorus has been found to have certain 


advantages over the conventional chemical methods ordi- 
narily employed in soil studies. Among the problems that 
have been investigated are measurements of the rate of 
sorption of phosphorus by soils, fertilizer placement studies, 
and measurements of the movement of applied phosphorus 
through a soil. A satisfactory technic has been developed 
for making quantitative measurements with a Lauritsen 
electroscope of the radioactive strength of soils, plant 
materials, and solutions such as soil extracts. The average 
deviation from the mean of several determinations was 
approximately 1 percent when either soils or solutions were 
being tested, indicating that the technic is sufficiently 
accurate for such use, A description of the technic and 
some applications has been submitted to the Journal of 
Applied Physics. In progress is a study using radio phos- 
phorus for measuring the phosphate fixation of different 
soil types, in terms of the phosphate uptake of tomato 
plants. Grateful acknowledgment is made to the Radiation 
Laboratory of the University of California for the gift of 
several samples of radio phosphorus. 


55. Activation of Indium by Alpha-Particles. J. R. 
Risser, K. Larx-Horovitz AND R. N. Situ, Purdue 
University.—The activation of indium by alpha-particles 
as recently! described leads to a capture process with for- 
mation of radioactive Sb"* and the excitation of In™. By 
using very short activation periods, the capture process 
alone can be observed, leading to a lifetime of 3.6 min. for 
the end product. The cross section of this process is of the 
order 10-** cm*. The excitation of indium has been studied 
with different energies of alpha-particles and can be ob- 
served from 16 Mev down to about 11 Mev, at energies 
about 5 Mev smaller than the potential barrier. At 16 Mev 
the cross section of the excitation process is about 3 x 10-** 
cm*, This cross section is higher by a factor of about 10 
than the one observed for the excitation of In™ with 
protons,? but is much smaller than the corresponding 
capture cross section, again analogous to the results ob- 
tained in the proton activation? of indium. The cross 
section is smaller by a factor of 1/1000 than the one pre- 
dicted from the theory of excitation of nuclei by electric 
fields, but much higher than the theoretically predicted 
excitation of In"™® by inelastic collision.* 


1 Lark-Horovitz, Risser and Smith, Phys. Rev. 55, 878 (1939) 
2S. W. Barnes, Phys. Rev. 56, 414 (1939). 

3V. F. Weisskopf, Phys. Rev. 53, 1018 (1938). 

* Private communication of V. F. Weisskopf. 


56. Absorption Measurements of Beta-Rays. B. L. 
Moore, Cornell University. (Introduced by R. F. Bacher.) — 
The comparison method developed by Sargent' has been 
applied to the beta-ray spectra of C", N™, Na*4, Mg’, P® 
and the isomers of Rh'*, The absorption end points are 
found by comparing the upper region of the spectrum with 
that of RaE. Energy end points are then found using 
Sargent’s range energy relation which was obtained from 
the extrapolated end points of the absorption curves for 
homogeneous high energy electrons. The measurements 
were made with an argon-filled ionization chamber and 
Edelmann electrometer. End points in Mev so obtained 
are: C"(et)1,.03+0.03; N*(e*)1.24+0.03; Na*(e~)1.36 
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+0.05; Mg*(e~)1.74+0.05; P*(e-)1.72+0.03; Rh!*(e-) 
(both the 42 sec. and the 4.3 min. periods) 2.46+0.10. 
For N**, Na** and P® a comparison with more accurate 
values from magnetic spectrograph measurements indi- 
cates agreement within the estimated errors except for N™ 
for which Lyman? found 1.198+0.006 Mev. Uncertainties 
in the end points by absorption appear to be considerably 
reduced by the use of the comparison method. The main 
advantages of this method are that strong sources are not 
necessary and the end points may be obtained with a 
relatively small amount of work. 


1B. W. Sargent, Can. J. Research Al7, 82-102 (1939). 
2 E. M. Lyman, Phys. Rev. 55, 234 (1939). 


57. Energy Spectra of Radioactive Indium. J. L. Law- 
SON AND J. M. Cork, University of Michigan.—The energy 
spectra of several of the indium isotopes have been obtained 
by means of a magnetic spectrometer. It was originally 
reported by Cork and Lawson! that a 0.39-Mev gamma-ray 
was associated with the 1.73-Mev beta-radiation ascribed 
to In"? because of their rather similar half-lives of about 
two hours. Barnes,? however, showed that this gamma-ray 
was present in indium separated from long-lived radio- 
active tin, and was therefore probably due to In™*, It is 
now shown that this gamma-radiation is not associated 
with the 1.73-Mev beta-radiation. The half-lives of these 
activities have been determined in the spectrometer to be 
104+2 min. and 117+3 min., respectively, for the 0.39- 
Mev gamma-ray and the 1.73-Mev beta-ray. The spectrum 
of the 0.336-Mev gamma-ray ascribed to In™* has been 
more precisely determined, and its half-life as obtained in 
the spectrometer is 272+3 min. The long-lived indium 
shows two activities, one of 65-hours half-life and the other 
of approximately 50-days half-life. The spectra of both of 
these activities have been obtained in the spectrometer. 
The 65-hour activity apparently consists only of two 
internally converted gamma-rays of energies 172+2 kev 
and 247+2 kev, respectively. The very long-lived radio- 
active indium displays a continuous beta-ray spectrum 
whose upper limit is 1.98+0.03 Mev, and an internally 
converted gamma-ray of energy 0.192+0.002 Mev. 


x M. Cork and J. L. Lawson, Phys. Rev. 56, 291 (1939). 
_ 2S. W. Barnes, Phys. Rev. 56, 414 (1939). 


58. Some Improvements in Geiger-Miiller Counter Sys- 
tems. HaRoLD McCMAsTER AND M. L. Poot, Ohio State 
University—A complete scale-of-sixteen Geiger-Miiller 
counter with a maximum speed of 140,000 random counts 
per minute has been constructed. A fast choked multi- 
vibrator vacuum tube relay drives the Cenco recorder. A 
0.01-mf mica condenser placed between the control grid of 
the high voltage regulator tube and ground reduced the 
sixty-cycle ripple to 0.1 volt without further filtering. The 
interpolation meter of the scale-of-sixteen is coupled di- 
rectly to one tube in each scale-of-two. The direct coupling 
eliminates ‘one tube per scale-of-two previously used to 
actuate the meter.' A direct-current coupled multivibrator 
quenching circuit is used which has most of the desirable 
features of both the Neber-Harper and alternating-current 
coupled multivibrator. The quenching circuit is set to 
deliver a maximum of 140,000 random counts per minute 
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to the scaling and recording circuits in which there are no 
losses at this speed. Corrections for losses due to random. 
ness need be applied only to the quenching unit, and cor. 
rection charts reliable up to speeds of 25,000 random 
counts per minute have been prepared. 

1 Harold Lifschutz, Rev. Sci. Inst. 10, 21 (1939). 


59. Positive Excess and Electron Component in the 
Cosmic-Ray Spectrum. DonaLp J. HuGues, University 
of Chicago, (Introduced by Arthur H. Compton.)—In ob. 
taining the energy distribution of mesotrons, H. Jones 
found an excess of positive particles throughout the energy 
spectrum, the ratio of positives to negatives amounting to 
1.29, This work has been continued to determine whether 
this positive excess occurs in the particles striking the 
apparatus or is caused by a greater absorption of the 
negative particles in the 10-cm lead filter. Care has been 
taken to reduce any instrumental asymmetry by carefyl 
temperature control and frequent reversals of the magnetic 
field. A total of 1339 tracks was measured. With the lead 
filter the positive-negative ratio is 1.210.083 (standard 
error), while with no lead the value is 1.18+0.083. This 
confirms Jones’ finding and further indicates a real positive 
excess in the incident particles. The lead absorbs 11 percent 
of the cosmic rays that traverse the magnetic field. Com- 
parison of the spectra taken with and without lead shows 
that this absorption is entirely in the energy range 2X 10* 
— 10° ev, where 26 percent of the rays are absorbed. This 
shows that there are very few absorbable particles (elec. 
trons) of energy greater than 10° ev but a considerable 
number in the range 2X 10*— 10° ev. 


60. Time Variations in Cosmic-Ray Intensity at High 
Altitudes. Witt1aAM P. Jesse, University of Chicago.— 
During the past year twelve balloon flights with a recording 
ionization chamber have been carried out at Chicago to 
observe any possible time changes in cosmic-ray intensity 
at high altitudes. The same apparatus was carried in ten 
of the flights. In each flight a height was attained sufficient 
to define clearly the maximum of the cosmic-ray intensity 
curve. The minimum pressure recorded was 1.6 cm, 
During the period of observation, time changes in the 
peak value of the cosmic-ray intensity curve of over 14 
percent have been observed. These changes have a distinct 
correlation with the intensity variations observed at the 
mountain station of the Carnegie Institution at Huancayo, 
Peru. The variations at this station correspond to the 
“world-wide” variations observed by Forbush. When the 
high altitude values are somewhat arbitrarily corrected 
for such “world-wide” variations on the basis of the Huan- 
cayo data, a residual variation remains with a maximum 
in the early spring and a minimum in the late summer. 
Further measurements will be necessary to determine 
whether this represents a true seasonal effect. 


61. Collision Energy Loss of Low Energy Cosmic-Ray 
Electrons. J. K. Boceixp, I. C. Kuo, S. H. NEDDERMEYER 
AND C. D. ANDERSON, California Institute of Technology.— 
The direct energy loss measurements of cosmic-ray elec- 
trons have heretofore been made largely in heavy elements 
where radiation accounts for the major part of the loss in 
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energy, and the results have been found in approximate 
agreement with theory. In order to study the energy loss 
of electrons due to direct inelastic atomic collisions, 5000 
cloud-chamber photographs were taken in which a carbon 
plate of 4 mm thickness was placed across the chamber. 
For this purpose only electrons of low energy (20 Mev to 
60 Mev) are suitable. These occur infrequently and only 
36 cases suitable for accurate measurement were found. 
In the table the observed average values of energy loss in 
Mev/cm are compared with the theoretical average values. 


Observed Calculated 
Energy Average total Calculated Calculated total 
range energy energy collision radiation energy 
in Mev in Mev loss loss loss loss 
16.8 43 4.3 0.5 4.8 
a4 30.3 5.0 4.6 1.1 5.7 
40-60 47.8 6.7 4.8 1.9 6.7 


These preliminary experiments show that in the energy 
range studied the theoretical formulae for energy loss of 
electrons (no heavy tracks were included) by direct col- 
lisions are in approximate agreement with observation. 
An experimental test of these formulae is important since 
they have been assumed correct in the mass estimates of 
the mesotron which have been made so far. 


62. A Device for Viewing of Slow Rotary Motions. 
RICHARD M. Sutton, Haverford College.—Stroboscopes and 
rotascopes which permit intermittent observation of 
rotating systems for periodic short elements of time are 
ideal for “‘stopping’’ motions at speeds greater than 20 
r.p.s.; but, because of flicker, they are not suitable for 
lower speeds. An optical mechanism is designed for the 
steady observation of bodies in rotation. It consists of a 
reversing prism ‘arranged to rotate about a longitudinal 
axis at one-half the speed of the observed rotation, in which 
case the observer sees what is essentially a stationary mirror 
image of the rotating object. In order to see the object in 
the correct relationship in all respects, a second reversing 
prism is mounted axially beyond the first but is not 
revolved, and the eye-prism is revolved at half the speed 
of the motion but in the opposite sense. The observer then 
has the point of view of a person revolving with the motion 
but unaware of his own rotation, in which case stationary 
objects appear to revolve in an opposite sense. The motion 
must be observed along the axis of rotation; the field of 
view is limited by the solid angle subtended by the far end 
of the second prism. 


63. The Lubrication of Plane Sliders. F. MorGan, M. 
MusKatT, AND D. W. Reep, Gulf Research & Development 
Company.—A machine has been designed and built for 
measuring the friction torque between plane sliders or 
thrust bearings and a rotating table. It provides means for 
variations in lubricant viscosity, bearing load, and slider 
speed. It also permits the study not only of sliders of 
various shapes, but also of such as have fixed wedge angles, 
or which are pivoted and self-aligning. Experiments per- 
formed in the thick film region with both fixed angle and 
self-aligning sliders have confirmed recent extensions of the 
hydrodynamic theory of such lubrication systems. The 
machine also permits a study of the thin film region of 
lubrication under carefully controlled conditions. 
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64. The Vapor Pressure of Bismuth between 603° and 
638°C. ALFRED H. WEBER, Saint Louis University.—The 
vapor pressure of liquid bismuth at temperatures between 
603° and 638°C has been measured by the molecular 
effusion method used by Rudberg':* and others. The masses 
of the evaporated bismuth deposits were obtained by direct 
weighing with a microbalance. Seven values of the vapor 
pressure obtained fall fairly well on the straight line plot 
(logy p vs. 1/T) of the empirical equation 


logio P(in mm) = —52.23(205)/T+-9.03. (1) 


This equation is in very good agreement with the expres- 
sion® 
logio p(in mm) = —52.23(200)/T+8.876, (2) 


which is stated to apply in the range 1210-1420°C. Ap- 
parently expression (2) has not been tested hitherto in the 
temperature range of the present experiments. The author 
acknowledges the assistance of S. C. Kirsch, S.J., of St. 
Joseph’s College, Philadelphia, who calibrated the Kovar- 
tungsten thermocouple used in these experiments. He also 
expresses his thanks to the Physics Department of the 
University of Pennsylvania for the loan of the microbalance 
used in the weighings. 


1 E. Rudberg, Phys. Rev. 46, 763 (1934). 
2? E. Rudberg and J. Lempert, J. Chem. Phys. 3, 627 (1935). 
3 International Critical Tables, Vol. III (1926), p. 205. 


65. Vitrification of Water. B. J. Luyer, St. Louis Uni- 
versity—The author reported previously that by the 
sudden immersion in liquid air of small quantities of 
aqueous solutions of various inorganic or organic sub- 
stances he obtained these solutions in the vitreous state. 
Vitrification was impossible when the concentration was 
not higher than about 20 percent, that is, when the propor- 
tion of water exceeded considerably that of the other com- 
ponent. This impossibility was attributed to the high rate 
of formation of crystalline nuclei in subcooled water, to 
the high velocity of growth of the crystals of ice, and to the 
enormous quantity of heat produced by the growing crystal- 
lization centers in freezing water, which kept the local 
temperature from dropping. A cooling velocity sufficient 
to vitrify pure water was finally obtained in the following 
manner. A fine stream of water, falling vertically from a 
pipette, was flattened between two metal disks previously 
cooled in liquid air, one of which was fastened behind the 
stream while the other was thrown against the stream and 
against the first disk by the propelling action of the spring 
of a toy pistol. The thin layers of solid water so obtained, 
transported to a cooled polarizing microscope, stayed dark 
between crossed Nicols until the temperature was high 
enough for devitrification to occur. 


66. An Anomalous Effect im the Viscosity of Glass. 
W. B. Prerenpot anp D. E. Bituincs, University of 
Colorado.—A method for determining the surface tension 
of molten glass, by which under static conditions the 
pressure difference between the inside and outside of a 
bubble is balanced by the surface tension of the liquid, has 
been previously published.' Later the theory for the viscous 
forces present when the bubble is expanding was deduced.* 
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This theory has now been applied to the experimental deter- 
mination of the viscosity of glass throughout a limited 
temperature range above the softening point. Contrary to 
all previous results a rapid increase in viscosity with 
increase in temperature is found slightly above the soften- 
ing region. For example, the viscosity of a typical lime 
glass increases from approximately 2.5 to 6X10* poises 
with an increase in temperature from 678° to 686°C. This 
should not be interpreted as the previously suggested 
“transformation temperature” which ‘corresponds to a 
viscosit wof from 10'* to 10" poises.”’ The expanding bubble 
is very sensitive to temperature equilibrium conditions of 
- the glass. The significance of this change in viscosity in the 
annealing of glass is pointed out and it is suggested that 
it may have an important bearing on the theory of glass 


structure. 


1W. B. Pietenpol, Physics 7, 26 (1936). 
2 E. C. Westerfield and W. B. Pietenpol, Phys. Rev. 55, 306 (1939). 


67. The Hardness of Rubber and Other Highly Elastic 
Materials. LEwis Larrick, The B. F. Goodrich Co.— 
The penetration of vulcanized rubber by spherical in- 
dentors follows the laws of classical elasticity for indents as 
large as 10 percent of the diameter of the indentor, and at 
depths of penetration as great as 30 percent the deviation 
is not great. This makes possible a new, convenient method 
for measuring the elastic moduli of such materials. Values 
of Young’s modulus so obtained range from about 200 
pounds per square inch for soft rubber compounds to over 
1000 pounds per square inch for heavily pigmented com- 
pounds. Since hardness is customarily defined as resistance 
to penetration, the elastic modulus can be used as a 
measure of hardness. The laws of penetration are derived 
from the conventional problem of the contact of two 
elastic spheres. Inasmuch as vulcanized rubber is generally 
treated as an incompressible material (Poisson’s ratio is }), 
the equation for the penetration of a rectangular block of 
rubber by a rigid sphere reduces to: d=(K/E!)LIDt 
(where K is a geometric constant, E Young’s modulus, L 
the load, and D the diameter of the indentor). Criteria for: 
(1) Similar test conditions (relative depth of indent), (2) 
Minimium size of face of sample, (3) Minimum thickness 
of sample, follow from the general theory. The values of 
the principal stresses are easily derived in certain special 


cases. 


68. The Variation of the Principal Elastic Moduli of 
Cu;Au with Temperature. SipNEY SIEGEL,* Westinghouse 
Research Laboratories.—Single crystal rods of the copper- 
gold alloy CusAu were prepared in a vacuum furnace. The 
specimens were annealed according to the procedure 
described by Sykes and Evans! to produce the best possible 
degree of order at room temperature. A dynamical method 
—that of the composite piezoelectric oscillator—was used 
to measure Young’s and the rigidity moduli of several 
crystals of different orientation. Measurements were made 
over the temperature range 20° to 450°C, and the principal 
moduli S1;, S;2, and S44 calculated over this interval. All 
three moduli increase linearly with temperature up to 
about 250°. From 250° to 388° the slope becomes increas- 
ingly large, and at the order-disorder transformation tem- 





AMERICAN PHYSICAL SOCIETY 





perature 7., 388°, each modulus undergoes an abrupt 
change. The increase in S,, at 7, amounts to about 15 
percent of its value there, 1.8 10~-" cm?/dn. The increase 
in Siz is also about 15 percent of its value there, ~9g 
X10-" cm?/dn. The increase.in Sq is about 3 percent of 
its value at T., 1.75X10~" cm?/dn. The elastic constants 
of such initially well ordered crystals were found to be 
single-valued functions of the temperature, except very 
close to T,, where steady final values were obtained only 
after 50 hours at constant temperature. 


* Westinghouse Research Fellow. 
1 Sykes and Evans, J. Inst. Metals 58, 255 (1936). 


69. Camera Lenses with Low Reflecting Films. C. Haw. 
LEY CARTWRIGHT, Massachusetts Institute of Technology — 
Several fast camera lenses were treated with evaporated 
metallic fluoride films to reduce the reflection from the 
air-glass surfaces. Two results were produced by diminish. 
ing the reflection in fast lenses: (1) the ghost images that 
normally occurred under adverse lighting conditions were 
entirely eliminated and (2) the effective speed of a lens 
was about doubled. The first result is due to ghost and 
flare being caused by at least two internal reflections (thus, 
reducing the reflectance of each surface ten times results 
in ghost images and flare being reduced a hundred-fold). 
The second result is somewhat subjective because the 
increase in exposure due to the added transmission of the 
lens is accompanied by more contrast, due to the absence 
of flare, and also an observable increase in detail. 


70. Optical and Magnetic Properties of a Magnetite 
Suspension. C. W. Heaps, The Rice Institute.—A suspen- 
sion of magnetite powder in oil acts in a limited way asa 
light shutter. When a magnetic field is parallel to the light 
direction more light is transmitted than when the light is 
transverse. Microscopic examination shows that the par- 
ticles form elongated groups. Each particle probably con- 
sists of relatively few magnetic domains, magnetized to 
saturation, and hence it attracts neighboring particles. The 
theory of the phenomenon, assuming the groups to be 
uniform and cylindrical, gives for the fraction of the inci- 
dent light transmitted, //lga=1—A(2L/a)4+BL, where A 
and B are structure constants, L is the Langevin function 
of a, and a is wH/(kT) with the usual meaning for the 
symbols. If we assume the groups to behave like the mole- 
cules of a paramagnetic gas in the standard Langevin 
theory the function L is equal to J/Jo, where J is the inten- 
sity of magnetization of the suspension and [po is the 
saturated intensity. Thus the magrretization curve of the 
suspension may be determined by measurements of light 
intensities made in various fields. Experimental tests indi- 
cate that the theory is satisfactory provided the groups are 
not all assumed to be identical in shape. 


71. The Concentration of Carbon 13 by Thermal Diffu- 
sion. ALFRED O. Nier, University of Minnesota.—A Clu 
sius and Dickel' thermal diffusion column employing 
methane gas has been constructed for the purpose of con- 
centrating C'. The length of the column was 730 cm, the 
separation of the hot and cold walls 0.71 cm, and the mean 
circumference of the annular gas space 13.2 cm. For a 
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temperature difference of 300°C between walls and the 
outer wall water-cooled, the power consumption was 2750 
watts. When the column was used without reservoirs at 
ures of 21.7, 40.0 and 65.6 cm, the separation factors 
were 2.25, 6.25, and 4.25, respectively. These results are 
in quantitative agreement with the theory of Furry, Jones 
and Onsager® provided one: (a) employs the experimentally 
determined value of Dr/D for methane* rather than the 
arbitrary value assumed by Furry, Jones and Onsager, 
and (b) assumes the existence of a convection loss term, 
such as is given by Eq. (70) in reference 2, having a numer- 
ical value of approximately 0.6. When a reservoir having 
a volume of 20 liters was connected to the top it was 
ible to produce methane having a concentration of 
over 4 times the normal amount of C'%H,. The pressure in 
this case was 46 cm, the value corresponding to greatest 
separation factor. With an infinite reservoir the concen- 
tration would have been over 6 times. 
1K. Clusius and G. Dickel, Naturwiss. 26, 546 (1938). 


2W. Furry, R. C. Jones, L. Onsager, Phys. Rev. 55, 1083 (1939). 
1A. O. Nier, Phys. Rev. 56, 1009 (1939). 


72. Concentration of Isotopes by Thermal Diffusion: 
Rate of Approach to Equilibrium. J. BARDEEN, University 
of Minnesota.—The time-dependent partial differential 
equation involved in the theory’ of the operation of a 
Clusius thermal diffusion column? is solved for various 
assumed boundary conditions at the ends of the column. 
The solutions give the concentration of molecules of a 
given species at any point in the column as a function of 
time. Among the cases treated are: (1) both ends of the 
column closed, (2) reservoir at the upper end, lower end 
closed, and (3) reservoir connected to upper end by a tube 
along which a concentration gradient can exist. Numerical 
calculations made for several cases are compared with 
experimental results of Nier,* who studied the operation 
of a column containing methane gas. (The column is to be 
used for the separation of the carbon isotopes.) In the 
calculation, use is made of the value of the thermal 
diffusion coefficient for methane obtained by a direct 
experiment,‘ and of the empirical values of the equilibrium 
separation factor. The theoretical curves giving the rate of 
approach to equilibrium agree well with the experimental. 

1W. H. Furry, R. C. Jones, and L. Onsager, Phys. Rev. 55, 1083 
(OX Clusius and G. Dickel, Naturwiss. 26, 546 (1938). 


+See preceding abstract. 
4A. O. Nier, Phys. Rev. 56, 1009 (1939). 


73. Thermal Separation of Gases and Isotopes. ARTHUR 
BRAMLEY, Swarthmore, Pa.—The thermal method for the 
separation of gases and isotopes' depends for its success on 
the simultaneous action of a number of different processes. 
These can be divided conveniently into three groups: (a) 
A difference in the thermal behavior of the gases or isotopes 
depending on their difference in mass, e.g. thermal or 
initial diffusion. (b) A mass motion of the gas, such as a 
convection current up a hot wall and down a cold wall 
or in tubes with larger wall clearance turbulence or swirls, 
either of which plays an important part in transferring the 
heat across the intervening gas space. (c) A slight concentra- 
tion of one of the components over the others exists in the 
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Langmuir film? surrounding wires heated directly or in- 
directly. There is a definite motion of the gas in this film 
along the wire which arises from the swirling motion of 
the gas outside this film. An interchange of molecules 
occurs between the swirls themselves and between them 
and the Langmuir film on account of process (a). 


1 Bramley and Brewer, Science 90, 165 (1939). Bramley and Brewer, 
J. Chem. Phys. 7, 553 (1939). Brewer and Bramley, J. Chem. Phys. 7, 
972 (1939). me 

2 Brody and Kordésy, J. App. Phys. 10, 584 (1939). 


74. Concentration of Chlorine Isotopes by Centrifuging 
at Dry Ice Temperature.* F. C. ARMISTEAD AND J. W. 
Beams, University of Virginia.—The concentration of the 
chlorine isotopes obtained experimentally at room tem- 
perature (300°A) by the evaporative centrifuge method 
has been shown previously to be in accord with the theory 
of Lindemann and Aston and Mulliken. In the present 
paper the same theory has been checked at dry ice tem- 
perature (approximately 200°A). The centrifuge was of the 
air-driven vacuum type. The hollow rotor (8 cm effective 
I.D.) was spun inside an evacuated enclosure maintained 
at dry ice temperature. The tubular shaft (gauge 15) was 
15" long and made of stainless steel to increase heat 
insulation. Standing vibrations in the shaft were prevented 
by guides mounted in Bakelite. After placing 10 cc of 
liquid ethyl chloride in the rotor, it was spun to 1240 r.p.s. 
and evacuated through the shaft. The ethyl chloride vapor 
was drawn off very slowly through the shaft and a glass 
capillary, so that approximate equilibrium could exist in 
the rotor, and was collected in 2 cc (liquid) samples in 
traps cooled by liquid air. The isotopic ratio measured by 
the mass spectrometer in the first and in the last samples 
differed by 12 percent, which is in fair accord with the 
theory. 

* Supported by a grant from the Research Corporation. 


75. Interparticle Separations for Tobacco Mosaic Virus 
at Varying Concentrations, pH, and Ionic Concentrations. 
I. FANKUCHEN,{ Birkbeck College, University of London.— 
In a preceding paper, a brief description of the x-ray 
patterns obtained from tobacco mosaic virus has been 
given. The intermolecular patterns obtained from all 
oriented specimens permit the direct computation of the 
interparticle distances. These distances have been deter- 
mined for virus preparations (a) of varying water content, 
(b) gels at varying pH, (c) gels in solutions of varying 
ionic concentration. From (a), it is shown that as the water 
content increases the particles are displaced only in a 
direction at right angles to their lengths, maintaining their 
hexagonal arrangement in cross-section. The interparticle 
distance in A can be expressed by I.P.D.=1700/./C 
where C is concentration in grams of vacuum dried virus 
in 100 cc of specimen. For (b), it is found that the I.P.D. 
is a minimum at the isoelectric point. From (c), it is found 
that as the ionic concentration increases I.P.D. steadily 
decreases, reaching a stationary value for the stronger 
concentrations. It is believed that measurements of this 
character may help the arrival of a more quantitative 
theory of colloids than now exists. 


t+ Now National Research Council Fellow in Protein Chemistry, 
Physics Dept., Massachusetts Institute of Technology. 
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